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Introduction

The International Conference “Complex Analysis and its Applications”, dedicated
to the 90th birth anniversary of Professor Igor Petrovich Mityuk, was held from June
2 t0 9, 2018 in Gelendzhik on the basis of the branch of the Kuban State University.
The conference was organized jointly by the scientists of the Kuban State Univer-
sity, Petrozavodsk State University and the Steklov Institute of Mathematics. The
conference was supported by the Russian Foundation for Basic Research (project
No. 18-01-20023).

The purpose of this conference is to bring together mathematicians working in
the area of complex analysis and its applications. At plenary lectures and invited
talks in sections the participants discussed the current state and modern trends in
this field. Plenary lectures was focused on modern methods of complex analysis and
related fields and are of interest for both junior and senior mathematicians. Invited
talks, presented at sections, cover a broad range of applications of various methods
of complex analysis to problems in geometric function theory and approximation
theory. Several recent results in quasiconformal mappings theory, potential theory,
multidimensional complex analysis, functional analysis, theory of partial differential
equations, and mathematical physics with applications also was discussed.
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Tag

To the 90th birth anniversary of Igor Petrovich Mityuk

(06.01.1928 — 28.09.1995)

[gor Petrovich Mityuk was born in Volchkovo village in Kiev Region on January
6, 1928. Having finished the secondary school as a top student in Penza, he was
admitted to the Faculty of Mechanics and Mathematics in Moscow State University
without any examinations. His first steps in science were guided by Professor L.
A. Lyusternik, a famous mathematician. Due to the fact that Igor Petrovich had
a relative who was subjected to repressions in those years, he did not manage to
enter post-graduate studies after graduating from Moscow State University in 1950.
Instead, he had to work at Maikop Pedagogical Institute as an instructor and then
he was appointed Head of the Department. In 1958 Mityuk was admitted to post-
graduate school in Kiev Politechnical Institute. His scientific supervisor was Head
of a famous school dealing with Geometrical theory of complex variables functions,
Professor V.A. Zmorovich. Igor Petrovich’s research theme turned out to be very
productive. In 1962 he defended his Candidate dissertation and then, in 1966 was
awarded Doctor degree. From 1961 to 1963 he worked at the Poltava Engineering
and Construction Institute. His successful scientific researches in the field of applica-
tions of symmetrization methods to solving extremal problems of geometric theory
of complex variable functions were noticed by Academician Yu. A. Mitropolsky, who
invited him to work at the Institute of Mathematics of the Academy of Sciences of
the Ukrainian SSR. In 1969 he was to return to Kuban by destiny. The Rector
of the new Kuban University K.A.Novikov used to know Mityuk very well while
working in Maikop, so he offered him to work as Prorector in charge of science. The
work in this position opened up new facets of Igor Petrovich’s talent. Thanks to his
organizational skills, a powerful scientific base was created in the new university, the
scientific profile of the university was determined, the university began to train its
own scientific personnel. As Scientific Prorector, and then as a dean of the Faculty
of Mathematics, I.P. Mityuk did a lot to form and develop the faculty. His high
scientific authority, managerial talent and human qualities contributed to form a
friendly, creative atmosphere at the faculty.
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Mityuk’s scientific researches are devoted to studying extremal properties of var-
ious kinds of mappings. He was the first in the country to develop new applications
of symmetrization methods, enriching the theory of symmetrization with ideas that
made it possible to extend fundamental results of univalent functions to the case
of holomorphic mapping of multiple connected domains. A general symmetriza-
tion principle for multiple connected domains elaborated by him is a powerful tool
for researching the properties of distortion and covering in various kinds of ana-
lytic functions. New opportunities of using geometrical methods were discovered by
[.P.Mityuk in the theory of flat and spatial quasiconformal mappings.

[.P. Mityuk paid a lot of attention to pedagogical activity. His lecture courses
on the theory of complex variable functions, special courses and scientific seminars
attracted attention of the best students of the faculty of mathematics. The manual
written by him on symmetrization methods has been so far a unique textbook, the
re-edition of which is planned by the beginning of the conference. Under scientific
supervision of Igor Petrovich 11 candidate’s theses have been prepared, his students
are actively engaged in scientific research. Such well-known scientists in the math-
ematical world as V.N. Dubinin, A.Yu. Solynin, V.A. Shlyk can be named among
them. The achievements of IP Mityuk scientific school are widely known in the
country and abroad.

Scientific and organizational talent of IP Mityuk was the key to success of the
school-conferences on the geometric theory of functions held under his leadership,
with the participation of leading specialists from all over the country. Especially
significant were these schools for young mathematicians, who had an opportunity
to communicate with famous scientists. Dozens of students and graduate students
participating in these schools became candidates and doctors of science.
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We consider a vector of power series

f(z) = {fj(z) = JZ}
k=0 j=1

which have an analytic continuation along a path in the complex plane that does
not intersect a finite set of branch points A :

fi € Ax, As:=AC\A), fA< .

In the series of papers (1978-1984) J. Nuttall put forward a conjecture on the
asymptotics of the Hermite—Padé approximants of the vector f. The main ingredient
in this conjecture is an algebraic Riemann surface & — a (p + 1)-sheeted covering
manifold over C. In terms of the standard functions on R the conjecture describes
the asymptotics, the domains of convergence of approximants, and the limiting sets
of the distribution of zeros of the Hermite-Padé polynomials (see [1]).

For p = 1 the Nuttall conjecture states that the diagonal Pade approximants
of a function f € Ay converge in capacity (of the logarithmic potential) in the
“maximal” domain ) of the meromorphic (single-valued) continuation of f, i.e. the
boundary of €2 is the cut of minimal capacity among cuts making f single-valued.
This conjecture was proven in 1985 by H. Stahl (even in the more general case:
capA = 0, see [2,3]).

In our talk we discuss motivations, problems and the current progress, see [4,5])
in the proof of the general Nuttall conjecture (p > 1).
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Suppose that 2 is a domain of hyperbolic type on the extended plane C of the
complex variable z = x + iy. Then it is determined the coefficient of the Poincaré
metric A\o(2z) with Gaussian curvature k = —4. Also, we need the definition and
some properties of domains with uniformly perfect boundary (see [1]-[5] and the
literature therein).

Let C3°(2) be the family of smooth functions u : € — R supported in the
domain 2. We determine and study some special functionals as sharp constants in
conformally invariant integral inequalities for test functions u € C§°(€2). By Au and
Vu we denote the Laplacian and the gradient, respectively, of the function w.

We will need a numerical parameter p € [1,00). Also, we have to note that the
smoothness of u(z) at the point z = oo means (by definition) the smoothness of
u(1/z) at the point z = 0.

It is well known that the Dirichlet integral

= [ ()

is a conformally invariant quantity. It is easy to show that the integrals

// |u[PAZ (2 da:dy,/ [VulPAg dxdy,/ |AulPAG P (2)dzdy (1)

are conformally invariant, too. Using these integrals we propose several conformally
invariant inequalities for functions u € C§°(€2). They are similar to some Hardy and
Rellich type inequalities. In particular, we examine the following inequalities

/ IVulPAS P (2)dzdy > Ay )/ [u[P A3 (2)dxdy  Vu € C°(€), (2)
|Aul” -
/ / Sy = Bl / / VAL () dedy Vue CR(Q),  (3)

A p
// A‘Qp 2' dedy 2 0,(0 / PAL(2)dedy  Yu € C(9), (4)

where p € [1,00) is a ﬁxed parameter.

We suppose that the constants A,(2), B,(€2), C,(2) in these inequalities are
defined as maximal constants. More precisely, we determine these constants by
formulas

2—
A = e HalVulAe ) dedy
p weCE( @z [[o |ulP My (2) dedy
!This work was supported by REBR (project 17-01-00282a).
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pore nr Tl
P ueCe(Q)u0 [ [0 [VulP )\?{p(z) dedy’
AulP N5 (2) da d
O = inf  AJalBulAg T2 de dy
weCE(@uz0 [ [ |ulP Mg (2) dz dy

According to these definitions, the constants A4,(€2), B,(£2) and C,(2) in inequalities
(2)-(4) are non-negative, conformally invariant quantities. In particular, we have the
following inequalities

0<A,(2) <oo, 0<By(Q) <oo, 0<CH(N) < oo

for any domain Q of hyperbolic type on the extended plane C. Notice that the
inequality (2) is known (see [2], [3] for the basic case p = 2 and see [1], [4] for the
general case p € [1,00)). In particular, one has the following theorems.

Theorem 1. (see [2], [3]). If Q C C is a simply or doubly connected domain of
hyperbolic type, then Ay(€2) = 1.

Theorem 2. (see [3] for p =2, [4] for p € [1,00)). Letp € [1,00). fQCCisa
domain with uniformly perfect boundary, then A,(€2) > 0.

Evidently, inequality (2) in a domain €2 is interesting if and only if the constant
A,(Q) is a positive number at least for some p € [1,00). But it is known that
there exist domains € such that A,(Q2) = 0 for any p € [1,00). For instance,
A,(C\ {0,1}) =0 (see [1] and [3]).

It is to note that the problem to describe geometrically the set of all domains 2
for which A2(€2) > 0 is still open (see [3]).

It is clear that one can formulate several open problems with respect to the new
constants B,(€2) and C,(€2). We examine some of these problems. In particular,
we obtain new results similar to Theorems 1 and 2 for the conformally invariant
constants B,(§2) and C,(£2) and discuss some open problems. Also, we will present
applications of our results that are connected with isoperimetric inequalities in Math-
ematical Physics.
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Abstract In the work, the fundamentals of the block element method are out-
lined. Integral and differential factorization algorithms for construction and use of
block elements of the different dimensions are presented. The method is applied
to several boundary problems, in particular, to materials with coverings having the
breaks. Certain of general properties of the block element method are put forth to
show its fairly wide applicability.

Keywords: block element, factorization, topology, integral and differential factor-
ization methods, exterior forms, block structures, boundary problems, seismology

1. Introduction

In the article a vector variant of topological method or research of boundary prob-
lem about diverse coverings is developing, which may occur in seismology, materials
technology, nanomaterials [1-4]. In particular in seismology this approach allows
to estimate intensively disorganized conditions of lithosphere plates, which contain
fractures [5]. The case of problem is studied, which was examined in suggestion, that
lithosphere plates are exposed only to horizontal balanced influence. As in [1], the
plates are fashioned with diverse Kirchhoff plates, their denseness may be disrupted
on fractures, (see figure in [1]). Boundary conditions on the plate edges for the case
of their horizontal movements may be different, supposed with types of fractures.
The approach described in details and used in scalar case provided below, and the
main attention is devoted to the description of essentials of its vector prototype.
Contrary to scalar case, the vector case needs a realization of differential factoriza-
tion of index matrix-function of functional equation and Leray residue form [6-8].
Detailed description of vector case algorithm is given. The problems with estimates
of protective covering hardness occur in material technology and nanomaterials,
these protective coverings either grow old or get defects from environmental factors.
The problem of products service with such coverings can be solved by means of pure
mathematical analysis of intensively disorganized conditions of such a system [3, 4].

2. Boundary value problem

1. Lets keep all terms for plates, which occur on the third-dimensional base coat,
as in [1]. Lets suggest, that their amount is equal to B and every has individual me-
chanical features. Let’s accept coordinate axis xj0xo as resting in the plate surface,
and axis xg as directing on the outer normal to the base coat. Let’s consider the
case of horizontal, in the plate surface, harmonic impacts on their surface. Then let
us, after cancelling the harmonic fluctuations parameter, present the equations of
the marginal sum in the following way

Ry, (021, 0xg) wp — 58 = ity (1)

Here every plate is considered as a variety with a margin, where u, = {uy, ug}
is a vector of plate points relocation along the horizontal directions of the middle
surface. The following denotation must be introduced

(36—:; + €1b58—;% + ) U1y (@b%ﬁm)um)
(52bm)ulb (8_x§ + €12 + e4p) Uy
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The transform of the combined equations differential part by Fourier is given
below

(Oz% + Elb@% — 54b)U1b Egb&l&QUgb
621)051042[]15 (CY% + 611)04% — 84b)U2b
UIFQU, G=F2g, b= 1,2,...,3

—Rb( — iOzl, — iOéQ)Ub = H

2
€1 = 075(1 - Vb)a €2h = 0 5(1 + I/b)a €3h — hb/127

1—v? 1— V

E4p = W2pb E : E5p = Ebhb
duy, — dugy dugy,  dugy
— , — O 2
g1 = ,Ub(d o +—dx1) 9o = pp(—— s d@) 3 (2)

The following denotations are accepted for the plates: A, u are the Lame coef-
ficients, v is the Poisson coefficient, E is the Young coefficient, h-tommuna , p -
IJIOTHOCTD, w - YacTora Kojebauuit- g, = {g1p, gop} and t, = {t15, top} are vectors of
contact tensions and external pressures respectively, which occur over the tangent
to the base coat border in the €2, area. In case of horizontal plate impacts only hor-
izontal constituents of external tensions are left. Fy = Fao(a, ) - two-dimensional
and one-dimensional operators of Fourier transforms.

The boundary conditions that are placed on the plate edges are defined by border
parts type of each block. Thus, under the accepted denotations, in case the plate
edges are toughly squeezed, it’s necessary to require that the dislocations in the
direction of the local coordinate system axes of the x; and x5 - over the tangent to
the middle surface and to the normal respectively are equal to zero, i.e.

up =0, uy=0. (4)

The normal N,, and T}, ,, tangent of the constituents of the middle surface on
the plate edge is expressed by the correlations below respectively

E Ous ouy E Ouy 0wy
N, = — T = )
2 1—v2 <6$2 + V@£E1> ’ T 2(1 + V) (81’1 + 8@) (5)

Different models may be taken as a deformable foundation-base coat (the base-
coat where the plate-covers are placed and that is described by a marginal sum).

A deformable half-space, a layer, a multi-layer half-space, including anisotropic
one and elastoviscous media may serve as models. In all these cases the correlations
between the tensions gp, k = 1,2, 3 on the stratified medium surface and dislocations
ug, k =1,2,3 look like (3) and have the following properties

u(z1, 22, 3) = 7 f JK( &1,042,$3)G(041,042)6*i<a’$>d041d042
(a,:z:} —@1$1+O&23§'2, - HKmnHa m,n — 172737 (6)
K(ag,a,0) =0(A™Y), A=./a?+a3— oo.

Kis(ai, s, x3) - are analytical functions of two complex variables aq, ae, mero-
morphic in particular, numerous examples of them are given in. [9,10]. These
correlations are called dominant functions. In case the equations describing the be-
havior of the foundation medium are known, the matrix elements K(aq, as,0) may
be calculated. If there are no such equations, the dominant functions may be found
out experimentally.
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3. Block element method

Let us revise the vectorial case of the plate horizontal fluctuations. Then the
functional equation of the marginal sum for this case, given for each plate as for a
variety with an edge, transforms into a matrix equation of the form [11]

—Ry( — iy, —ian)Uy = [ wy — exnFalagp,am) (g + th), ™)
o,
U,={Uy,Uxp}, b=12..B
Here wy, is participated in conception vector of exterior forms, which has such a
state wy = {w1, wo

; ou Ju . Ju . .
wip = €Z<O"x>{—(€1b371; +en Gt — ienoopunp)dry + (G — tonpun — i€ap0aptiny)dis },

wap = TN — (e Gt + G2 — dagpuzy)day + (e1pG2 — iepupuizy — ieapaaptiny)dis }.
The border of block as it is pointed above may have different characteristics of
contact with blocks nearby or may be free. In accordance with algorithm of method
of block element [6-8] data concerning nature of contacts should be placed in the
form of pseudodifterential equation.

The block element method is enable the get the exect solution of this boundary
problem.

This work was supported by Ministry of education and science Russian Federa-
tion, project Nos (9.8753.2017/8.9), Southern Scientific Center of Russian Academy
of Science, project Nos (01201354241), supported by the Russian Foundation for
Basic Research, projects Nos (16-41-230214), (16-41-230216), (16-48-230218), (17-
08-00323) (18-08-00465), (18-01-00384).
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and Loewner equation !
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E-mail: goryainov_ vw@hotmail.com

The Loewner equation appeared in his famous paper [1] in connection with the
description of evolution families in the semigroup of conformal mappings f of the
unit disk D = {z € C: |z| < 1} into itself with normalization f(0) = 0, f’(0) > 0.
In connection with the development of its stochastic analogue (Schramm-Loewner
Evolution), this equation was called the radial Loewner equation (see, for example,
[2]). In the description of evolution families in the semigroup of conformal mappings
f of the upper half-plane U = {z € C: Imz > 0} into itself with hydrodynamic
normalization at infinity f(z) — 2z — 0 as z — oo, an analogue equation arises [3],
which is now called the Loewner chordal equation. The evolution equation in the
semigroup of conformal mappings of a strip into itself is naturally called the dipolar
Loewner equation.

Our goal is to show that it is most convenient to translate the study of evolution
families into a semigroup of holomorphic mappings of the half-plane into itself. The
notion of monotone independence in noncommutative probability theory (see [4],
[5]) also naturally leads to semigroups of holomorphic mappings of the half-plane
into itself. In this connection, the corresponding evolution equations and some
noncommutative analogues of the Lévi-Khintchine formula will be considered.
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Structure of trajectories for a quadratic differential
on a three-sheeted Riemann surface of genus 1!
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Consider the three-sheeted Riemann surface S of genus 1, corresponding to the
algebraic function

w = C/(z —a1)(z — a2)(z — as);
here a; are pairwise distinct complex numbers.

There exists an abelian integral G on S which is regular at every point of S,
except of points Py, P;, and P, lying over infinity, with the following asymptotic

behavior:
2lnz, z — B,
G(z) ~ .
—Inz, z2—=P;, 7=12.

We investigate the Nuttall structure of sheets of S, connected with the abelian
integral G' [1]. This structure is very important for the study of the asymptotics of
the rational Hermite-Padé approximants [2].

The Nuttall structure of sheets of S is completely determined by the structure of
singular trajectories of a quadratic differential connected with the abelian differential
dG(z). In [2] geometric structure of the trajectories is investigated in the case when
the triangle A with vertices a1, as, and a3 is sufficiently close to regular one.

We consider the case of arbitrary isosceles triangle A and show that, for the
quadratic differential mentioned above, there are only two essentially different types
of structures of singular trajectories, depending on whether the apex angle of A is
greater or less than /3.
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On Logarithmic Coefficients and some related Conjecture
for certain class of Univalent Functions'
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Let A be the class of functions f analytic in the unit disk D ={z € C: |z] < 1}
with the normalization f(0) =0 = f/(0) — 1. Let S denote the class of functions f

from A that are univalent in . Then the logarithmic coefficients v, of f € S are
defined by the formula

1 FEN S n
510g< . )—;%z, z € D.

In this talk, we present an overview on the subject of logarithmic coefficients of
certain classes of univalent analytic functions defined on the unit disk ID. Our
particular emphasize will be to deal with the class U(\) consisting of functions

f € A which satisfy the condition ](z/f(z))Zf’(z) — 1| < X for some 0 < A < 1.
For f € U(N) with f(2) = 2z + 32°°, a,2", it is conjectured that |a,| < 37—y AF for
n > 2 This conjecture remains open for n > 5. On the other hand, the authors in
[1] prove the following sharp inequality for f € U(\):

S , 1 (m - 2
>t < 1 (5 210200 + 11209 )
n=1

where Lis denotes the dilogarithm function. In this talk, we shall discuss some
new results and some new inequalities satisfied by the corresponding logarithmic
coefficients of some other subfamilies of S.
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1

Around the turn of the last century, the question of where an analytic function
defined on the unit disk D = {z € C : |z| < 1} or the upper half-plane H = {2z € C :
Im z > 0} can map points zy € D or 2y € H, respectively, was considered for different
classe[s] f[{ece]ntly, numerous publications revived the interest to such problems, see,
e.g., |2{, 14-9|.

The notable progress goes back to an idea by Loewner to express schlicht functions
as solutions to a differential equation. Through Loewner’s equation, it is possible to
interpret an optimization problem for classes of univalent functions as the problem of
finding a control that steers the trajectory of a dynamical system to the boundary
of its reachable set. The most part of recent results in the general question has been
obtained with the help of optimization technique. Powerful tools from the theory of
optimal control can be applied to tackle the value region problem expressed via the
Loewner equation.

Denote H(T'), T > 0, the set of conformal maps from H\ K (7"), with arbitrary hulls

K(T) of half-plane capacity T, onto H, normalized hydrodynamically as

2T 1

fK(z):z+—+O(—2>, H> 2z — oo.
z ||

Roth and Schleissinger |9] found the set {f(20)}, z0 € H, for the class UpsoH(T).

This research was continued in [7] for the class H(T') with fixed T'. Without loss of
generality, assume that zp = ¢ and consider the extremal problem to describe the value

region
D(T) = {f(i): fe H(T), i ¢ K(T)}.
To formulate the result for 0 < T < i, denote by Cy(p,T) > 0, =5 < ¢ < 3,
0<T< }l, the unique root of the equation

2 cos® plog(1 — sin ) + (1 — sin p)* = 2cos? @ log C + C*(1 — 47T).

For a fixed T" € (0, %1]7 this equation has a unique solution C' = Cy(p, T') depending on

¥

Theorem 1. The domain D(T), 0 < T < i, is bounded by two curves l; and [y

connecting the points i and iy/1 —47T. The curve l; in the complex (u,v)-plane is
parameterized by the equations

C2(p, T (4T — 1 1 —si 2 1 —si
u(T) = 0 (0, T)( ) + (1 —sing)” o(T) = Losime T T
2Co(p, T) cos ¢ Colp, T) 2 2
The curve ly is symmetric to l; with respect to the imaginary axis.
Denote by po(T) € (—5,%), T > %, the unique solution of the equation
1 —sing 1-—singp
1 1=1 :
S Teing 14smeg B AT—1

!This work was supported by the Russian Science Foundation (project 17-11-01229).
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For T > 1 and ¢ € [po(T), %], denote by Co(¢,T) > 0 the minimal root of this
equation and by Coyo(¢,T) > 0 its maximal root.

Theorem 2. The domain D(T), T > %1, is bounded by two curves l; = l11 U lqo

and ly = lo1 U lee having a mutual endpoint ¢ € [11 N l91. The curve ly; in the complex
(u,v)-plane is parameterized by the equations

C3(p, T)(4T — 1) + (1 — sinp)? 1 —sing T

T) =211 T)= ———r TY<p<~—.

uT) 2Cy(p, T) cos ¢ () Cole, T)’ wo(T) < < 2
The curve ly5 is parameterized by the equations

C2(p, T)(AT — 1) 4 (1 — sin p)? 1 — sin 70

2Co0(p, T') cos Coo(p, T) 2

The curve ly is symmetric to [y with respect to the imaginary axis.

The same approach was used to draw similar value regions for inverse functions
LI — W\ K(T).

We observe many value region problems solved in [4-6]. For instance, the authors
determine value sets {f(z)}, z0 € D, and {f!(wy)} for the class

IT={feM:f(-2)=—f(2),z €H},

where H is the class of univalent self-mappings of H with the hydrodynamic normali-
zation. Going to self-maps of D, they prove a result which is equivalent to the classical
solution by Goryainov and Gutlyanski [1] in the class S(M), M > 1, S(o0) = 5, of
univalent functions f in D, f(0) = 0, f/(0) = 1, and |f(2)| < M in D. The same is
done for typically real functions in D and some other classes.

Remind a theorem by Fedorov [3| which gives a value region {f(z)}, zo € D, over

the class Sp of functions f € S with real values f(0), n > 2. Obviously, an answer
is easy if 2 is real. From the other hand, it is strongly nontrivial when Im 2y, # 0.
Fedorov’s result is extended in [8| to the class Sp(M) = Sk N S(M). Usually, a
subclass is organized more properly than a whole class of functions. However, it is not
the case when we pass from S to S(M) or from Sk to Sr(M). Fedorov completely
solved the problem by simultaneously considering two moduli problems for pairs of
homotopic classes of curves. In Sg(M), the problem is formulated as a reachable set
problem for the Hamilton system of controllable differential equations in the frames
of the Loewner theory. A family of Cauchy problems is substituted for the family of
boundary value problems. The free parameter in the initial data serves as a parameter
for the boundary curve of the value region. We do not write down a theorem proved
in [8] since it requires too large volume.

Finally, let us concern with a class of holomorphic injective self-maps f : D — D
having boundary fixed points, the class actively investigated during last decades by
Goryainov, among others. For the dynamics of a self-map f : D — D, a crucial role is
played by the points o € JD for which f(o) := Zlim,_,, f(2) = ¢ and the angular
derivative f'(o) is finite. Such points o are called boundary regular fixed points. In
particular, a classical result due to Wolff and Denjoy asserts that if f & HOI(ID) ]D>) has
no fixed points in D, then it possesses the so-called Denjoy-Wolff point, i.e., a unique
boundary fixed pomt 7 such that f'(7) < 1.

Consider univalent self-maps f : D — D with a given boundary regular fixed point
o € JD and the Denjoy-Wolff point 7 € 9D \ {¢}. Using automorphisms of D, we
may suppose that 7 =1 and ¢ = —1. We mean to determine a sharp value region of
f = f(z0), z0 € D, for all such self-maps of D with f'(—1) fixed. Fix zp € D, T > 0

and let ¢y = 29 + iz := [(20), where

1
[:D—S; z|—>10g1+z
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is a conformal map of D onto the strip S := {¢: — 7/2 < Im( < 7/2}. Define
l1—a | l1+a
0
1 —a (1) 1+a(T)

V (¢, T) = {xl—i—ixg €S:a_(T) <sinwy < ay(T), |z—ai—1] < \/R(Siﬂl‘g,T) }
Theorem 3. Let f € Hol(D,D) \ {idp} and T > 0. Suppose that:

(i) f is univalent in D;
(ii) the Denjoy-Wolff point of f is T = 1;
(iii) o = —1 is a boundary regular fixed point of f and f'(—1) = e”.

Then

f(Z()) - V(Zo, T) = l_l(V(l(Zo), T)) \ {Zo}
for any zy € D. This result is sharp, i.e., for any wy € V(zy,T) there exists f €
Hol(D, D) \ {idp}, satisfying (i) — (iii) and such that f(zy) = wy.

Characterize functions f corresponding to boundary points of V(2g,T'). The role of
the Koebe function fy(z) = z(1 — 2)7%n S is played by the Pick function py(z) :=
fo (folz)/M), M > 1.

Theorem 4. For any wy € 0V (20, T)\ {20}, there exists a unique f = f,, satistying
conditions (i)-(iii) in Theorem 3 and such that f,,(20) = wo. If wg = I71({y+T), then
fu, I8 a hyperbolic automorphism of D, namely, f,,(z) = I7'(I(z) + T). Otherwise,
fuw, Is a conformal mapping of D onto D minus a slit along an analytic Jordan curve
~ orthogonal to 0D, with f’ (1) = 1. Moreover, f,,, = hy o pps © hy for some hy, hy €
Aut(D) and M > 1 if and on]y if wg = 1712y +T/2 + iarcsinax(T)).

Note that zj is a boundary point of the value region V(zy,T'), but does not belong
to V(zg,T'). This point zy would be included, and this would be the only modification
of the value region, if we replace the equality f(—1) = e in condition (iii) of Theorem
3 by the inequality f/(—1) < e! and remove the requirement f # idp assuming as a
convention that idp satisfies (ii). Note also that, under the conditions of Theorem 3
modified in this way, f(z9) = zo if and only if f = idp.

as(T) = e ?singd + (1—e17?), R(a,T) :=log

References

1. Goryainov V.V., Gutlyanski V.Ja. On extremal problems in the class Sy // In:
Matematicheski Sbornik. Kiev: Naukova Dumka. 1976. P. 242-246. (in Russian)

2. Gumenyuk P.A., Prokhorov D.V. Value regions of univalent self-maps with two
boundary fived points // Ann. Acad. Sci. Fenn. Math. 2018. V. 43.

3. Fedorov S.I. The moduli of certain families of curves and the range of {f((y)} in
the class of univalent functions with real coefficients // Zap. Nauchn. Semin. LOMI.
1984. V. 139. P. 156-167. (English translation: Journal of Soviet Mathematics. 1987.

V. 36. P. 282-291.)

4. Koch J.D. Value ranges for schlicht functions. Wiirzburg: Dissertations. Erlang.

naturwiss. Doctorgrades Julius-Maximilians-Universitdt Wiirzburg. 2016.

5. Koch J., Schleissinger S. Value ranges of univalent self-mappings of the unit disc //

J. Math. Anal. Appl. 2016. V. 433 (2). P. 1772-1789.

6. Koch J., Schleissinger S. Three value ranges for symmetric self-mappings of the unit
disc // Proc. Amer. Math. Soc. 2017. V. 145 (4). P. 1747-1761.

7. Prokhorov D.V., Samsonova K.A. Value range of solutions to the chordal Loewner
equation // J. Math. Anal. Appl. 2015. V. 428 (2). P. 910-919.

8. Prokhorov D.V., Samsonova K.A. A description method in the value region problem
/ Complex Anal. Oper. Theory. 2017. V. 11 (7). P. 1613-1622.

9. Roth O., Schleissinger S. Rogosinski’s lemma for univalent functions, hyperbolic

Archimedean spirals and the Loewner equation // Bull. London Math. Soc. 2014. V.

46. P. 1099-1109.

20



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

Universal Teichmiiller space: non-trivial example of infinite-dimensional
complex manifolds

A. G. Sergeev

Steklov Mathematical Institute

8 Gubkina ul., Moscow 119991, Russia
E-mail: sergeev@mi.ras.ru

Since there is no well-developed theory of infinite-dimensional complex manifolds
at the moment it is important to have different examples of such manifolds. One
of non-trivial examples is given by the universal Teichmiiller space. In our talk
we present main complex geometric features of this manifold. The universal Te-
ichmiiller space 7T is the space of normalized quasisymmetric homeomorphisms of
the unit circle S1, i.e. orientation-preserving homeomorphisms of S!, extending to
quasiconformal maps of the unit disk A and fixing three points on S'. It is a com-
plex Banach manifold with the complex structure provided by Bers embedding of
T into the complex Banach space of holomorphic quadratic differentials in a disk.
The name of 7 is motivated by the fact that all classical Teichmiiller spaces T'(G),
associated with compact Riemann surfaces, are contained in 7 as complex sub-
spaces. Another important subspace of 7 is given by the space S of normalized
orientation-preserving diffeomorphisms of S'. The space S is a Kihler Frechet man-
ifold provided with the symplectic structure compatible with the complex structure
of §. There is an important Grassmann realization of 7 obtained by the embed-
ding of 7 into the Grassmann manifold of a Hilbert space which coincides with the

Sobolev space V' = Hé/ ?(S1,R) of half-differentiable functions on the circle. This
embedding realizes the group QS(S') of quasisymmetric homeomorphisms of S! as
a subgroup of symplectic group Sp(V'). It also defines an embedding of T into the
space of complex structures on V' compatible with symplectic structure. The latter
space may be considered as an infinite-dimensional Siegel disk.
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The first symmetrization transformation was introduced by Jacob Steiner in 1838
in his attempt to find a geometric proof of the classical Isoperimetric Problem.
It is amazing that for almost two centuries after its creation the method of sym-
metrization remains an incredibly powerful tool in many areas of mathematics and
mathematical physics. Several ramifications and generalizations of this method were
suggested by George Pélya, Gabor Szego, Walter Hayman, Igor P. Mityuk, Al Baer-
stein II, and some other outstanding mathematicians.

In this talk, we focus on work and ideas of Prof. I.P. Mityuk who suggested several
new approaches in the theory of symmetrization. It is important to mention that
Prof. Mityuk was very generous to share his ideas with his students and, in fact, he
created a school of mathematicians, based at the Kuban State University, who work
in the area of symmetrization and its applications and produced many outstanding
results in this area of mathematics. In particular, many interesting papers where
symmetrization was used were published by V. Dubinin, V. Schlyk, B. Levitsky,
Yu. Chernyh, M. Gavrilyuk, V. Tul’chii and some other former students of Prof.
Mityuk. This author, being one of these students, also contributed to this area.

Three main themes having origins in Mityuk’s works will be mentioned in this
talk.

First, we will discuss symmetrization principle for multiply-connected domains,
which was suggested by [.P. Mityk in 1960’s and later found important applications
to the study of different classes of analytic and meromorphic functions. In particular,
we will discuss recent works of D. Betsakos, S. Pouliasis and Th. Ransford, which
heavily depend on Mityuk’s ideas, where the authors study analytic and geometric
properties of rational and more general meromorphic functions.

Another very fruitful idea of I.P. Mityuk was to use conformal transformations to
define symmetrization with respect to families of curves other then straight lines and
circles. This idea leads to spiral symmetrization used by I.P. Mityuk and V. Schlyk
and to symmetrizations with respect to trajectories of certain quadratic differentials
used by V. Dubinin and this author. Several recent results obtained in this direction
also will be mentioned in this talk.

The third topic influenced by the work of I.P. Mityuk, which will be discussed
here, is the averaging and ordering transformations of symmetrization type. In
this part, some results of V. Dubinin and results obtained by this author will be
mentioned.

At the end of our talk we present some open questions on transformations of
symmetrization type.

22



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

MSC 14R15.

Keller mappings and Jacobian conjecture!

V. V. Starkov

Petrozavodsk State University
33 Lenina pr., Petrozavodsk 185910, Russia
E-mail: vstarv@list.ru

Let f = (f1,...,fn) be a polynomial mapping f : R" — R" (or C" — C"),
namely, fi(X) are polynomials, X = (z1,...,x,) € R™

The Jacobian Conjecture formulated in its modern form is: if J;(X) = const # 0,
then f is an injective mapping.

Originally, Keller formulated the conjecture in 1939 for polynomial mappings
with integer coefficients only if n = 2. General case study started later. There are
many publications concerning this conjecture. The interest is mostly caused by its
applications to differential equations. The conjecture has neither been proved (even
for n = 2) nor rejected. It is included in the list of “Mathematical Problems for the
Next Century” [1].

Various concepts of the conjecture are being developing during past decades. The
most important one (at least for applications) is to find such polinomial mappings,
for which The Jacobian Conjecture is true. Let us mention several known results.

1) The conjecture is proved for n = 2, if (degfi,degfz) =1 [2].

2) The conjecture is tested for polynomial mappings with the highest degree deg f
of polinomials fj not less than 100 in the case n =2 [3].

3) The conjecture is proved for any n, if degf < 2 [4].

4) The conjecture turns out to be true for n < 4 and f = (f1,..., fn), where
fr =2+ Hy(X), k =1,...,n, H,(X) are homogeneous polynomials of degree 3
(see [5]).

5) In 1998 E. Hubbers proved the conjecture for n < 7 and mappings f =
(f1s -y fu), where fr. =z + (305, arjzi), k=1,...,n.

The report contains new results by the author and co-authors in this field.
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The idea of a multi-point Schwarz-Pick Lemma was first introduced by Beardon
and Minda [BM]. It can be regarded as an extension of the Schur algorithm and
enables us to obtain various Schwarz-type lemmas, see [CKS]. By using some of
those results, we determine the coefficient bodies of the class B, of analytic self-
maps ¢ of the unit disk D = {z € C : |z| < 1} fixing a given point p with 0 < p < 1.
A meromorphic function f on D is called concave if f is univalent and if C\ f(D)
is convex. Let Co, be the class of concave functions f with a pole at p € (0,1)
normalized by f(0) = 0 and f’(0) = 1. In recent years, this class has been studied
intensively by Avkhadiev, Bhowmik, Wirths and so on. It is known that for each
f € Co,, there exists a ¢ € B, such that

(2) = P o, [ 2P L
IO = Gopa ) 1o 7P

Conversely, for a given ¢ € B, there exists a function f € Co, satisfying the above
formula.
By plugging this characterization with the information about the coefficient bodies

of B,, we investigate some coefficient problems for the class C'o,. This is based on
the joint work with Rintaro Ohno (Tohoku University) [OS1, OS2].

References

[BM] A. F. Beardon and D. Minda, A multi-point Schwarz-Pick Lemma, J. Anal.
Math. 92 (2004), 81-104.

[CKS] K. H. Cho, S.-A Kim, and T. Sugawa, On a multi-point Schwarz-Pick lemma,
Comput. Methods Funct. Theory 12 (2012), 483-499.

[OS1] R. Ohno and T. Sugawa, On the second Hankel determinant of concave func-
tions, J. Anal. 23 (2015), 99-1009.

[OS2] R. Ohno and T. Sugawa, Coefficient estimates of analytic endomorphisms of
the unit disk fixing a point with applications to concave functions, to appear in Kyoto
J. Math.

24



INTERNATIONAL CONFERENCE
“COMPLEX ANALYSIS AND ITS APPLICATIONS”

Quasiconformal analysis of two-indexed scale of spatial mappings and its
applications !
S. K. Vodopyanov
Sobolev Institute of Mathematics SB RAS
4 Acad. Koptyug avenue, Novosibirsk 630090, Russia
Peoples’ Friendship University of Russia (RUDN),
Ulitsa Miklukho-Maklaya, 6, Moscow 117198, Russia
E-mail: vodopis@math.nsc.ru

We define a family of mappings depending on two real parametersn —1 < ¢ < p <
oo and a weighted function 6. In the case ¢ = p = n and 0 = 1 we obtain the well-
known mappings with bounded distortion [1]. Mappings of two-indexed scale inherit
many properties of the latter ones. They can be used for solving some problems of
global analysis and some applied problems as well.

1. Results of papers [2— 5] motivate a definition of the following class of mappings.
Definition 1. A mapping f : Q2 — R" is called the mapping with bounded 6-
weighted (q, p)-distrotion (belongs to the class ZD(Q;q,p;0,1)), n —1 < ¢ < p < o0,
if:
1) f is continuous, open and discrete;
f belongs to Sobolev class W, _; ,.(Q);

2)
3) the Jacobian J(z, f) > 0 in Q a. e.;

4) the mapping f has finite codistortion;

5) the function of the local #-weighted (g, p)-distortion

01 () adj Df (x)| :
QBLE'-)ICQl(x f) J(x,f)% ) 1f J(ZE,f)#O, (1)

0 otherwise,

belongs to L,(€2) where p is defined by the condition ¥ = Tl — ;1 (0 =00 at g =p).

We introduce the following notation IC L(f: Q) = HIC F) | Lo(Q)]]. Here

1) 6 :R" — (0,00) is a measurable functlon (referred to be weighted);

2) for n x n-matrix A, the symbol adj A denotes an adjoint matrix, defined by the
condition Aadj A = Idet A if the determinant of A is different of zero, and by the
continuity in the topology of R™*" otherwise;

3) J(z, f) = det Df(x).
2. Following the paper [6, P. 265], for continuous, open, discrete and sense-preserving
mapping f : 2 — R” and a normal domain D &€ €2, we define the Poleckii function

p:V — R" on the image V = f(D) as

Voy—gply) =A Z i(z, f)x where A € (0,00) is a constant.  (2)
zef~1(y)nD

New properties of the Poletskii function are formulated in the following statement.
Theorem 2 [7]. Suppose that a mapping f belongs to f € ZD(Q;q,p;0,1),n—1 <
n—1
qg<p<n+ ﬁ, and the weighted function w(x) = 01 ig locally integrable. Then
1) f is sense-preserving;
2) the Poleckii function gp belongs to Sobolev class W1(V), s = p—(ﬁ—l);

3) f(BfND) C{y eV :Dgp(y) =0} where By is a branch set.
'This work was supported by Russian Science Foundation (Agreement Ne 16-41-02004).
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By means of Theorem 2 we prove
Proposition 3. Let f : Q@ — R" be a mapping of TD(;q,p;0,1), n —1 < g <
n—1
p < n+ —, and the weighted function w(zx) = § =00 (z) is locally integrable. Then
1) f is differentiable in Q) a. e.;
2) BfC Z={x€Q:J(x, f) =0} up to a set of measure zero, i. e. |By \ Z| = 0;
3) f is of finite distortion, namely D f(z) = 0 a. e. on a set where Jacobian vanishes.

The following corollary concerns the weighted function § = 1. In this case, ¢ can
take the value n — 1. Moreover, a mapping f € ZD(Q;q¢,p;1,1),n — 1 < ¢ <p <n,
has some additional properties.

Corollary 4. Let f : Q — R"™ be a mapping of ID(;¢,p;1,1),n—1 < ¢q < p < n.
Then

1) f has the Luzin property N=': |f~YE)| =0 if |[E| =0, E C ;

2) J(z,f) >0inQ ae;

3) the branch set By has measure zero;

4) all mappings belonging to ZD(§2; n, n; 1, 1) are mappings with bounded distortion.

3. Theorem 2 serves as a basis for finding estimates for the norms of the push-
forward functions, generalising the results of [5] on the mappings of ZD(€2; ¢, p; 6, 1).
Using estimates for the norms of the push-forward functions, one can obtain estimates
for a capacity similar to that of paper [5, Section 1.2]. Here we formulate only one of
them.

Theorem 4. Let f € ID(q,p;0,1), n —1 < q < p < oo, and a weighted

function w(z) = 6 0= ) 1(x) be integrable. If E = (A, () is a condenser in 2, A € ()
and C' C A Is a compact, then

(cap, f(E))

_ g
and r = s 3 &

Ve < k() (capt E) (3)

p
n—1)

where s =
p—(

Recall

Definition 5. An ordered triple E = (Fy, F1; D) of non-empty sets, where D is an

open set in R”, and F}, Fy are closed subsets of D, is called the condenserin D C R”.
The value

cap, (E) = cap, (Fo, F1; D) = inf/ \VolP(z)w(x) dz
D

where the infimum is taken over all functions v € C(D) N W5 (D) N L,(D,w) such
that v > 1 (v < 0) in a neighbourhood of F} (Fp), is called w-weighted p-capacity of
the condenser E = (Fy, F1; D).

If U is an open set, C'is a compact in U, then the condenser £ = (OU,C;U) will
be denoted by E = (U, (). If w = 1 we consider a wider class of admissible functions:
v € C(D)N L,(D), for the definition of the capacity of the condenser.

By means of inequality (3) we prove many properties of mappings belonging to the
class ZD(2; q,p; 0, 1).

4. Here we formulate an assertion on removable singularities in the following sense.

Theorem 6. Let
1) F be a closed set in € such the Q \ F is locally connected at every point x € F,
fEIDQ\ F;q,p;0,1),n<g<p<ocorn—1<g<n<p< oo,
n—1
2) the weighted function w(x) = 0~ «== (x) is integrable on R",

3) F has w-weighted r-capacity zero in the space W(Q;w) where r = q—(rqz—1)>
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4) cap(R™\ f(Q\ F); Wh(R")) > 0 at p = n.
Then the mapping f can be extended to a continuous mapping f : 2 — R".

5. It is well-known that Riemannian manifolds can be classified by behavior of s-
capacity at the “infinity”. Recall, that a Riemannian manifold M is said to be r-parabolic
(0-r-parabolic) if cap,(D, M) = 0 (capy (D, M) = 0) for any compact set D C M with
nonempty interior. Otherwise, M is said to be r-hyperbolic (w-r-hyperbolic).

Below, we formulate a statement on be behavior of parabolicity property under
action of a mapping with bounded (6)- Weighted (q, p)-distortion.

Theorem 7. Let f : M — N be a mapping with bounded (6, 1)-weighted (p, q)-

distortion. If Ml is w-r-parabolic then N s-parabolic, where r = ﬁ 5 = m

and w(zx) =6~ ) (x) is integrable.
6. The collection of homeomorphisms f : Q — €' of the ZD(Q;q,n;1,1) N W)

where the domains 2 and €’ have Lipschitz boundaries, can be considered as a class of
admissible deformations in the non-linear elasticity theory. Note that the class of ad-
missible deformations of the paper [8] is contained in the intersection ZD(2; ¢, n; 1,1)N
W) for some ¢ > n — 1, and class deformations of [9] coincides with ZD(;n —
1,n;1,1) N W(Q). The new class of admissible deformations is a scale of families,
depending on a continuous parameter ¢ € [n — 1,n|. These families are naturally
ordered by inclusion: the class with bigger ¢ is contained in the class with less ¢. For a
given material, this hierarchy allows us to choose an appropriate class of deformations.
In paper [10] we prove the existence of an extreme deformation of ZD(Q2;¢,n;1,1) N

W) in a variational problem with some natural conditions on the growth of integrant.
References

1. Reshetnyak Y. G. Space Mappings with Bounded Distortion // Transl. Math. Mono-
graphs 73, AMS. 1989.

2. Vodopyanov S. K. Spaces of differential forms and maps with controlled distortion
// Izvestiya: Mathematics. 2010. T. 74, Ne 4. P. 663-689.

3. Vodopyanov S. K. Regularity of mappings inverse to Sobolev mappings // Sbornik:
Mathematics. 2012. T. 203. Ne 10. P. 1383-1410. 5

4. Vodopyanov S. K. On the reqularity of the Poletskin function under weak analytic
assumptions on the Given Mapping // Doklady Mathematics. 2014. V. 89. Ne 2. P. 157
161.

5. Baykin A.N., Vodopyanov S.K. Capacity estimates, Liouville’s theorem, and sin-
gularities removal for mappings with bounded (p,q)-distortion // Siberian Math. J.
2015. V. 56, No. 2. P. 237-261.

6. Poleckii E. The modulus method for nonhomeomorphic quasiconformal mappings
// Mathematics of the USSR-Sbornik. 1970. T. 12. Ne 2. P. 260-270.

7. Vodopyanov S. K. Foundations of quasiconformal analysis of two-indexed scale of
spatial mappings and its applications // Izvestiya: Mathematics. 2018. (Submitted)

8. Ball J. Global invertibility of Sobolev functions and the interpretation of matter
Proc. Royal Soc. Edinburgh. 1981. V. 88A. P. 315-328.

9. Iwaniec T., Onninen J. Hyperelastic deformations of smallest total energy // Arch.
Rational Mech. Anal. 2009. V. 194. Ne 3. P. 927-986.

10. Molchanova A., Vodopyanov S. Injectivity almost everywhere and mappings with
finite distortion in nonlinear elasticity. // ArXiv:1704.08022v4.

27



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

Metric properties of quasiconformal mappings
Matt: Vuorinen

University of Turku — Finland
E-mail: vuorinen@utu.fi

This talk gives an overview of my recent research interests, connected with the
theory of quasiconformal (qc) and quasiregular (qr) mappings in the Euclidean space
R"”, n > 2. When the important parameter K , the maximal dilatation of a mapping,
tends to unity, we get these The talk will discuss the distortion theory of these
mappings, i.e. how qc and qr maps transform distances between points. Some
novel metrics are used in this research. The talk is based on joint work with several

coauthors, mostly with my former students. In particular, the three latest coauthors
are G. Wang, X. Zhang, and P. Hariri.
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a—accessible domains!
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P. Liczberski and V. V. Starkov introduced in [1] the concept of an a—accessib-
le domain. A domain Q C R" 0 € €, is called a—accessible (with respect to 0),

a € [0;1), if for any point p € 0F2 there exists a number r = r(p) > 0 such that the
cone

n p aT n
Ki(p,a,r) = {x eR": ||z]| <, (m — p, m) > ||z —p||0057} C R™\.

a—accessible domains were shown in [1] to satisfy the cone condition and to be
starlike. In the planar case (n = 2) such domains have been studied by J. Stankie-
wicz [2-3|, D. A. Brannan, and W. E. Kirwan [4]. In [5], [6] K. F. Amozova and V.
V. Starkov obtained the necessary and some sufficient conditions of a—accessibility
in the nonsmooth case. In |7] K. F. Amozova and E. G. Ganenkova presented some

properties of a—accessible domains and obtained the criteria of fully a—accessibility for
p-harmonic functions in [8]. As a corollary, the criteria of fully a—accessibility for some
classes of functions f were described in [8], including biharmonic (n = 2), harmonic
(n = 1), analytic (the condition ‘arg (Z;ﬂé;))‘ < 3(1 — ), see [24]), polyanalytic
in B = {z € C: |z|] <1}, and also the criteria of fully starlikeness (« = 0) for

p-harmonic, analytic <the well-known condition of starlikeness {Z J[(/S)} > 0), and

polyanalytic functions in B.
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The report is devoted to extremal problems in geometric function theory of a
complex variables associated with estimates of functionals defined on the systems
of non-overlapping domains. Let N, R be the sets of natural and real numbers,
respectively, C be the complex plane, C = C|J{oo} be a one point compactification
and R* = (0,00). Let r(B, a) be the inner radius of the domain B C C with respect
to a point a € B. Consider an extremal problem which was formulated in paper [1]
in the list of unsolved problems and then repeated in monograph [2].

Problem 1.[1] Consider the product

7 (Bo,0) [ r (Br ), (1)
k=1

where By, Bi,..., B, (n > 2) are pairwise disjoint domains in C, a9 =0, |ar| =1,
k=1,n and 0 < v < n. Show that it attains its maximum at a configuration of
domains By and points a; possessing rotational n-symmetry. In 1988 V. Dubinin
solved this problem for v = 1 and n > 2. In 1996 L. Kovalev got the solution to
this problem for n > 5 and subclass points systems satisfying condition 0 < oy <

2/\/7, k=1,n, where oy, := arg %:1 Qi1 := a1, k = 1,n. In 2003 G. Kuz’'mina
studied this problem for v € (O, 1]. In 2008 A. Bakhtin [3] showed that the result of
V. Dubinin holds for an arbitrary 7 € R* but since some number ng(7).

Problem 2.[1] Show that the maximum of the product

[ (Bo, 0) 7 (Bso, 00)] Hr By, ax),

where v € R*| By, By, {Br}}_, are pairwise non—overlappmg domains in C, ag = 0,
lar] = 1, k = 1,n, ax € B, C C, k = 0,n, oo € B, C C, is achieved for some
configuration of the domains Bj., B, and points ay, oo, k = 0, n, which are having
n-fold symmetry. For v = = and n > 2 the problem 2 was solved in 1988 by
V. Dubinin. In_2001 G. Kuz’'mina showed that the Dubinin’s estimate is correct
when v € (O ”—2} n > 2.

Problem3[1]Leta0—O lar] = 1, k = 1,n, ax € By C C, k = 0,n, where
By, ..., By, are pairwise non-overlapping domains and By, ..., B, are symmetrlc do-
mains Wlth respect to the unit circle. Find the exact upper bound of the product
(1). In 2000 L. Kovalev solved the problem 3 for n > 2 and v =

In the report a review of the latest results obtained in the above-mentioned prob-
lems will be presented.

D=

-~
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We study the behavior of solutions of the Poisson equation on noncompact model
Riemannian manifolds of a special type: M = B U Dy U Dy U ... U D,, where B

is precompactum with non-empty interior, and every D; is isometric to the direct
product [rg; +00) x S"~! (where ryg > 0, S"~! - sphere of dimension n— 1) with metric

ds* = dr* + g7 (r)do>.

Here g;(r) is positive smooth functions on [rg; +00); df?* is a metric on S"~1,
Losev A.G. in paper [1| was found exact conditions for the unique solvability of the
Dirichlet problem for the Poisson equation of the following form:

Au = f(r,0)
where f satisfies the following conditions:
e f(r,0) € C(D)
o Vr € [ro; +00) f(r,0) € CIFI(S"1)

However, in the classical statement of the problem on the right-hand side of the Poisson
equation we apply weaker conditions. Appears the question, is the condition on f

introduced by Losev A.G. necessary.
Define

and

In this paper for dimention n = 2 was already formulary the statement.
Theorem 1. Let M such that for all v satisfied K; < oo, J; < oo. Then for any

set of functions ¢;(0) € C(S) and f(6) € C**(SY), where 1 < a < 1, there ewists a
unique u(x) - solution of the Poisson equation such that

limu(r.8) = 6:(6).

References

1. Losev A.G. On the solvability of the Dirichlet problem for the Poisson equation on
some noncompact Riemannian manifolds // Differential Equations, 53:12 (2017), 1643
- 1653.

32



INTERNATIONAL CONFERENCE
“COMPLEX ANALYSIS AND ITS APPLICATIONS"

MSC 2010: 30C62, 30C55.
Quasiconformal extension of meromorphic functions with nonzero pole
Bappaditya Bhowmik

Indian Institute of Technology Kharagpur
Kharagpur-721302, India
E-mail: bappaditya@maths.iitkgp.ernet.in

This talk is based on the articles [1] and [2]. It is well-known that the univalent
functions defined in the unit disc that admit a quasiconformal extension to the
extended complex plane play an important role in Teichmiiller space theory. In this
talk we consider meromorphic univalent functions f in the unit disc with a simple
pole at z = p € (0,1) which have a k-quasiconformal extension to the extended
complex plane where 0 < k£ < 1. We denote the class of such functions by > (p).
We first prove an area theorem for functions in this class. Next, we derive a sufficient
condition for meromorphic functions in the unit disc with a simple pole at z = p €
(0, 1) to belong to the class X (p). Finally, we also provide a representation formula
for functions in ¥(p) and using this formula we derive an asymptotic estimate of
the Laurent coefficients for the functions in this class.
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Let the turbulent flow be given by the velocity field u(t, x), whose space-Fourier

transform is denoted by 4(t, &), where £ € R? is interpreted as a frequency coor-
dinate. The velocity field can be regarded as a random vector function. Omitting
the symbol ¢ from the notation, we introduce the energy distribution function with
respect to the absolute value of the frequency:

ok = [ lie)as.

The function ¢ is an analog of the well-known Planck function for the energy dis-
tribution in the blackbody radiation spectrum. The integral is taken over a sphere
of radius £ > 0.

Under the assumptions of an established (stationary) statistically homogeneous
and isotropic turbulence under some additional assumptions about the structure of
energy transformation (energy transfer from one part of the spectrum to another)
Obukhov obtains that for the microcomponent of energy

BG) = [ el

for p < p1 = \/5/Dy/v? (see [3, 4]) the “two-thirds law” holds:
E(p) ~ const - p~2/3 .

The “two-thirds” Kolmogorov’s law [1, 2] can be represented by the following rela-
tion:
lu(- + €) — u(-)|%: ~ const - (23

We discuss ways of obtaining these “laws”, the degree of their equivalence, paying
special attention to postulated assumptions. The connection with other turbulent
“laws” is discussed. In addition, we pose and partially solve the problem of what
can be proved in the theory of turbulence rigorously, that is, proceeding from the
equations of motion?
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Let s be a positive Borel measure on the interval A, := [a; ] C R, let pi(z) =
pr(x; s), k=1,2,... be a system of corresponding orthonormal polynomials. Let f
be a real-valued function in the class L, given by its Fourier expansion in system

{pr}: ,
f(x) = chpk(a:), ck:ck(f):/fpkds, k=0,1,... (1)
k=0 .

For the orthogonal expansion (1) the Frobenius—Padé approzimant of index [L /M|
is a rational function @ )y = P/Q) € Ry such that the first (L + M + 1) Fourier
coefficients of the linear form (@ f — P) vanish:

w(Qf—P)=0, k=0,1,....,L+M.

We study the asymptotics of Frobenius—Padé approximants for the Markov-type
functions f, which are the Cauchy transforms of some Borel measure o on A,, where
As; NA, = @. The asymptotics are described in terms of the equilibrium problem

of the vector potential with the Nikishin matrix of interaction. We set ¢ € (0,1/2].
We denote by M. the following class of Borel measures:

M. = {(p,0) : supp(v) C Ay, v € {p, 0}, |ul =1, |o| = c}.
There exists a unique pair of measures (u.,0.) € M. such that?

oV 0c — Y ke = minAa(QVUC — V“c) on SUPP(JC)v
2VHe — V7% = minp , (2V# — V) on supp(u.).

We construct a three-sheeted Riemann surface and define a meromorhic function
which correspons to the solution of this potential problem. Using the appropriate
uniformization of the surface, we explicitly find the equilibrium measure in terms of
an algebraic function.

In contrast to the diagonal case, where the convergence always takes place in the
maximum possible domain, for all the non-diagonal ray sequences the divergence
domains of approximants appear for certain arrangements of the intervals. Their
occurrence is related to the pushing effect of the equilibrium measure, when the
measure is zero on a part of the interval. We find explicitly the pushing point and
the boundary of the convergence domain of the Frobenius-Padé approximants.
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We investigate an extremal problem of finding codomain of the functional I(f) =
c3 —yc3, where functions f(2) = z+cp2? +c32° + ... belong to class S of analytic and
univalent functions in the unit disk. Szegd G., Fekete M. solved this problem [1] for

-1
v = p2—, p € N, investigating coefficients of p-fold symmetric functions (invariant
P
under rotation). For any real v, 0 < v < 1 using the Lowner method it is obtained [2]
—2y
that the codomain of the functional is the disk of radius R = 1 + 2el—7 centered at
the origin. Boundary functions were not found.

[.A. Alexandrov put the question of solving this problem with help of the varia-
tional method [3] and the problem of finding boundary functions. Using this method
it is obtained for the boundary function of the functional g = Rel(f) the functional-
differentiable equation

qf(Z)+1f,2<Z) 1+ gz b+t 4 2

f4(2) 2 ’

1
where g = (1 — 7)2¢y, b = gRe[(f).

The equation is analytically investigated. One of possible boundary functions is
the function that maps the unit disk onto the plane slit along two analytical arcs

connected at an angle o = 3 The slit takes beginning at infinity. For approximation

of the functional’s codomain it is used a family of functions g = ¢g(z,s,p,¥,r),
g € S. The function g, g(z) = x (w(h(£(2)))), maps the unit disk onto the

plane slit along a ray and a circular arc connected at angle o = 3 where y(w) =

—1 h «o p\2—a¢—1

ey (W)~ w(BEOD) ), wlh) = 520 bl = (L= (1 - ey
oz —re?

£(z) = ewm, r| < 1, ¢,s,p € R, a = h(£(2)), 20 — preimage of infinity

under function g.
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1

Approximation properties of the simple partial fractions (logarithmic derivatives
of polynomials)

"1
T(Z):Z ) a’ke(c7

Z—a
k=1 k

had been studied intensively since 2001 [1].

The aim of the talk is to present several results concerning the problem of density
of the sets SF(F) of simple partial fractions with poles in a prescribed subset E of
the complex plane in various function spaces.

We also consider the problem of density for various generalizations of simple par-
tial fractions: the differences SF(E™) — SF(E™) (logarithmic derivatives of rational
functions with constraints on poles and zeros); the so-called A-sums

S(f, E) = {zn: )\kf()\kz) M\ € Eyn e N} )

k=1

where f is a fixed function analytic in some neighborhood of zero and E C C; the
sums

N
ST ft+a), aeB N=12..
k=1

of shifts of a single analytic function f, £ C C.
All results lie within the theory of density of semigroups in Banach spaces, which
is developed by the author since 2014 [2].
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Approximation of stationary solutions of the Navier-Stokes equations
system with the potential of velocity and specific state equation for
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The class of solutions of the Navier—Stokes equations system for a compressible
continuum under of state flow condition, potentiality of the velocity field, for a
specific connection between density and pressure is considered. Solutions of this
type can have a spatial periodicity, that is, displayed on the torus. With such
a motion of the continuum, only volume viscosity appears in the flow, and the
kinematic viscosity coefficient is assumed to be constant. The paper describes a set
of such solutions (as class of functions), the properties of domain, and method of
approximation by integrals along of specific curves.

It should be noted that an analytical study of the structure of this type of solu-
tions that were considered, can provide information allowing to identify the class of
solutions of Navier—Stokes system a more general form (with fewer assumptions).
From a practical point of view, such solutions can be used for constructing of per-
turbation solutions of the Navier—Stokes equations of other types (exact solutions -
analytical, asymptotic or generalized) and also for studying the properties of cur-
rents, where the extensional viscosity play the most significant role (relaxation —
phase-unstable continua).
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Shur’s algorithm for Shur’s function f (i.e. f € H(D) and |f(z)| < 1) is based on
the (finite or infinite) chain of equalities

_ 2 _ 2
f(z) = f(0)+(1_‘f(0)’ )Z, fi(z) = £1(0) + (1= 1400 )Z, flz)=.... (2)
O 56 hO= 50
It is easy to see that all functions fi, fs,... are Shur’s functions. The chain of

equalities (1) is missing, if | f(0)| = 1 (in this case f(z) = f(0)), and ends on the N-
th step, if |f,(0)| < 1 for all n < N and |fx(0)| =1 (and therefore fy(2) = fn(0)).
Put v = f(0), v, := fnu(0), n = 1,2,..., and for brevity rewrite the chain of
equalities (1) in the following form

f(2) = [)(2) $r= o, ml(2) de== o, wv=1](2) dpyp= - (2)

Based on the chain of equations (2), Schur proved the following theorem.

Shur’ Theorem. Let f be a Shur’s function. Then one of the following three
statements is executed.

(a) f(z) =0, |l = 1.

(b) There is a unique finite sequence {v,}._, of complex numbers |y,| < 1, n =
0,...,N —1, |yn| =1 such that

f( ):[70?"'77N 1]( )‘LVN .

(c) There is a unique infinite sequence {7,}>°, of complex numbers |y,| < 1,
n=20,1,..., such that

f(z) = nli_{l(f)lo[%, o IN=1)(2) d

uniformly on compact sets lying in D.

In the report we will enter into consideration two-point Hankel determinants A,
and A of Shur’s function with which the parameters 1,7y, ... can be found without
calculating functions fi, fo,.... Namely, in the assumption f(0) # 0 (that is not
essential and is imposed only to simplify the formulation) the following equality is

true .
= (=1)"f(0)A, /A . (3)

In addition, in terms of determinants A,, Shur’s theorem specified as follows.

Case (a) occurs if and only if Ay = 0, case (b) —if and only if Ay #0,..., Ay # 0,
Ay =0, case (c) — if and only if A, 7& 0 for all n € N.

It is easy to see that the Schur’s algorlthm can be applied not only to the Shur’s
function, but also to formal power series. In the report we will show that the formula
(3) remains valid in this case. Besides we will discussed the corresponding analogue
of Shur’s theorem.
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Let Fy be fixed compact Riemann surface of genus g = 1, with marked {ay,b;},
and distinct points P, ..., P, € Fy. Denote by F), = F)\{P,..., P} — surface of
type (1,m), m > 2, which have complex analytic structure by Beltrami differential
p(z)dz/dz (on Fy). Let I, — quasifuchsian group of first genus, which uniformizised

F /;, with algebraic representation

<A1)Bl,”yl,.. cy Ym - [AlyBl]’Yl- o Ym = ]),

where I — identical mapping. Denote by T, () Teichmueller space type (1,m).
Let ZY(I", p), for p € Hom(I",C*), set all mappings ¢ : I — C such that

¢(ST) = ¢(S) + p(S)d(T), S, T € I
Every element ¢ € Z'(I"”, p) uniquely be defined ordered set complex numbers

¢(A1)a ¢(B1)7 ¢(’Yl), ce gb(’ym).

Space BY(T", p) generated element o(T) =1 — p(T),T € T".
Lemma 1. For every ¢ € Z'(I", p) valid

m—1

o(B1)p(A1) = o(A)S(B1) + () + D pln - 75)0(v501) = 0.

j=1
Lemma 2. Holomorphic principal Hom(I", C*)-bundle

E = HHom(FL,C*) analytic equivalently trivial bundle Ty ,,(Fy) x Hom(I', C*)
1
over base T ,,,(F}).

Theorem. Cohomological Gunning bundle
G'= || 2'1,.p)/B'T,.p)
([d.p)

over Ty ,,(F}) x (Hom(I",C*)\{1}) are holomorphic vector bundle of rang m for
m > 2.
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40



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

About two nonlinear equations of 3 and 5 orders
N. A. Chuesheva

Kemerovo State University
6 Krasnaja pr., Kemerovo 650043, Russia
E-mail: chuesheva®@ngs.ru

In articles [1], [2] consider a nonlinearly differential equations of third order
umxui — 3umyu§ux + By Uyl — Uy u =0 (1)
uxmuz — 3umyu§ux + 3uwyyuyui — uyyyuiJr
+384/ (v + ug) (U tztly + Uy (“Z — ui) — Uyyuy) =0 (2)
In these thesis we investigate solvability some boundary problems for these equations.

Lemma 1. Let given domain D € R? with boundary I' = {ax2 +by? +c = 0}.

Let function u (ax2 +by? + c) cC? (ﬁ) :
ulp = uglp = uylp = 0. (3)

Then such function be non uniqueness solution boundary problem (3) for equation (1).
For condition a = b this function be non uniqueness solution boundary problem (3)
for equation (2).

Remark 1. For example, conditions of lemma valid for function
u(az® + by* +¢) = S G V2 sin ((z* +y* — p*) — %), boundary conditions
(3) and domains D with boundary T' = {a? + y* = p*, p > 0}.

Consider equations e+ V2 sin (t — %) = 0,t = ax+ by and two solutions t; =0
and ty =c, c€ (7T+%, 7T+%).

Lemma 2. Let given domain D with boundary I'y = {ax + by =0, ax + by = ¢, }
and 'y = {ax + by =0, ax + by =, }. Let function u (az + by) € C* (D),

U|F1 - UI‘Fl - uy‘r = 0. (4) U‘Fg - ul’z|F2 - uyy|r = 0. <5>

Then such function be non uniqueness solution boundary problem (4) (or (5)) for
equation (1). For condition a = b this function be non uniqueness solution boundary
problem (4) (or (5)) for equation (2).

Remark 2. For example, 1) conditions problems (4), (1) and (4), (2) satisfy function

u(z+y) =e @ 4+ v/2 sin ((x +y) — %) :
2) conditions problems (5), (1) and (5), (2) satisfy function u (x + y) = sin(z + y).
Remark 3. In article [3] consider Korteweg-de Vries equation of fifth order

Ur — Ugpppre + C1 (u?’)x + ¢y <(ux)2)x +c3 (U Uyy), = 0.
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Sharp quadrature formulas of interpolation type for algebraic and trigonometric
rational functions on circles and segments of the real axis are well-known due to
works of Divruk, Rovba, Rusak, Osipenko, Min and others. Chebyshev-Markov
fractions of the first and second kind are widely used to construct such formulas
with fized nodes.

Another approach, the method of notches, was recently proposed in [1]. Using this
method, one can already construct sharp quadrature formulas with variable nodes
depending on a certain parameter. Under an appropriate change of this parameter,
every node continuously runs over the whole domain of integration. Due to this,
in particular, one of the nodes may be chosen at a prescribed point of the domain
of integration. This property is used in [1] to obtain (g, p)-inequalities of Jackson-
Nikolskii type for rational functions and polynomials. Furthermore, the method of
notches allows to construct examples of extremal rational functions and polynomials
quite easily in some cases.

A certain shortcoming of quadrature formulas from [1] is that they take into
account not the multiplicity of an individual pole but only a prescribed maximal
multiplicity of poles. This fact significantly restricts the possibility to use theorems
from [1] in applications. We prove a modified version of the quadrature formulas,
which already takes into account the multiplicity of each pole separately. This allows
to obtain (g, p)-inequalities more precise than in [1] and in other precedent papers.
Let us formulate the main result in the case of the circle v := {z : |z| = 1}.

Theorem 1. Let R(z) be a rational function of degree n whose poles do not

belong to . Set

R(z) :== R(z) - R(1/Z).
We denote by z, k =1,...,v, all pairwise distinct poles of the rational function R
which lie in the disc |z| < 1, and by ny, their multiplicities. Put

Y z— 2z \'"* Z nk(1—|zk|2) -
Bo =TI (=%) . me=-Y "0 Ya-a
k=1

For m € N and ¢ € R let the notches (x(m, ), k =1,...,mn + 1, be the roots of
the equation (B™(() = €'¢. Then

<« R(G) _ |
/73 Q)|d¢| = ;my G = Cu(1, 9);

o 2m _—
1R, = [ [REQ)] IdCI—QWZ <)+1

Ce = Ck(m, p).

S~
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The following corollary holds.

Theorem 2. Under the assumptions of Theorem 1, the following (q, p)-inequality
of Jackson-Nikolskii type is valid:

My || ] Loy + 1
2mr

A
Q=

HRhmﬁE( IRlpe,  O<p<q<os, (1

where m, € NN [§;1 4 £). Moreover, if all the poles of R do not belong to the
annulus {z : § < |z| < 67!}, where § € (0,1), then

1
Rl|ray < | =—
IRl < (5-)

The inequalities (1) and (2) are sharp for (q,p) = (00, 2).

The estimates (1) and (2) refine the corresponding ones in [1,2,3].

Finally let us note that Theorem 2 easily yields classical (g, p)-inequalities of
Jackson-Nikolskii type for trigonometric polynomials 7, (see e.g. [4, Section 4.9.2]).
For this it is sufficient to set z = e and § — 0 in the inequality (2). In this case

1

the corresponding constant takes the form ((2m,n +1)/(2m))r 4.

1+9
<mpn- 5 + 1) IRl zr (), O<p<qg<oo. (2

S =
Q=
S
Q=
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Connected lemniscates and distortion theorems for polynomials and
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In the present talk we discuss the impact of the connectivity of some lemniscates
of a rational function f on the distortion of the mapping effected by f. We consider
the distortion theorems for polynomials and rational functions [1]—[2], an inequality
for the moduli of derivative of a complex polynomial at its zeros [3] and an in-
equality for the logarithmic energy of zeros and poles of a rational function [4]. All
estimates obtained are sharp. The proofs of the theorems go by an application of a
certain modification of the symmetrization method [5], for which the result of the
symmetrization lies on the Riemann surface of the inverse function to a Chebyshev
polynomial of the first kind.
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Let G be a Carnot group (see [1]). Polycondenser is a collection of sets (F,G) =
{(Fo1, F11), - - -, (Fom, Fim), G} where G C G is an open set and Fy, N Fy, = 0 for all
k=1,2,...,m (see [2]). Let F(x,§), H(z,w), do be the same as in [1].

Let I' be a family of oriented horizontal curves in G. The modulus of this family is
M, r(T') = inf [ p? do, where infimum is taken over all nonnnegative Borel functions

e
p such that [ pF(z,dx) > 1 for all v € I'. Modulus of polycondenser M, p(F,G) is a

5
modulus of horizontal curves family joining Fyr and Fip in G for all k =1,2,...,m.
Capacity of polycondenser is Cp, p(F,G) = inf [ max H(x,Vug(z))do, where in-

G

fimum is taken over all local Lipschitz functions u; in G such that up = j on a
neighbourhood of Fj;,, 7 =0,1, k=1,2,...,m.
It was proved the equality of modulus and capacity of polycondenser:

Theorem.

M, r(F,G) = Cpr(F,G).
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In this article some classes of Klein surfaces are introduced taking into account
the existence of analytic or harmonic functions. For instance, we shall consider the
classes O (HP),Ok (HB) and Ok (HD) and establish parallel relations among
them to the classical case of Riemann surfaces. It is also checked that on Riemann
surfaces carrying an antianalytic involution, the theory of principal functions can
be developed in a symmetric way so that we can apply these techniques to function
theory on Klein surfaces.
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Massive sets and Liouville type theorems
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Let M be a smooth connected noncompact Riemannian manifold, A the Laplace -
Beltrami operator on M, ¢(£) > 0, 0 < £ < oo weakly increasing, smooth functionis,
not identically equal to zero. Considering the half linear equation on M,

Lu = Au —u¢(|u]) =0, (1)

we concern the following question: For what manifold M and function ¢(£) does the
equation have a unique solution u=07 If this is the case we say that Liouville’s theorem
is true for half linear equation.

The classical Liouville theorem says that any bounded harmonic function in R” is
constant. Recently there is more general approach to Liouville type theorems, namely,
they are estimated dimensionality of various solutions spaces of linear equations elliptic
type.

In particular, [1] proved an exact estimate dimensionality of spaces of bounded
harmonic functions with finite Dirichlet integral [ |Vu|?*dz < oo on non-compact

M
Riemannian manifolds in terms of massive sets.

Much latter [2] proved similar result for bounded solutions of the stationary equation
Shrodinger.

The aim of this paper is to prove a similar result for bounded solutions of half linear
equation.

We define LD-massive subsets of M and prove that the existance of bounded
solutions (1) with finite Dirichlet integral

u

D(M,u):/|Vu|2+2 /tqf>(|t|)dt da, (2)

is equivalent to the existance of L D-massive subset.

We now state the exact formulations.

A continuous function v defined on some open set €2 C M is called subsolution of
(1) if for every subset G € 2 and every function v

L’U = O,U‘ag = U‘aG

implies u < v in G.

An open proper subset €2 C M is called LD-massive if there is a non-trivial
subsolution w of (1) such that u =0,z € M\ Q,0<u <1, D(M,u) < cc.

The main result of the paper is following statement.

Theorem 1. The following statements are equivalent:
i) On M exists non trivial bounded solution (1) with finite Dirichlet integral (2);

ii) On M exists LD-massive set.
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E-mail: g_ek®@inbox.ru, vstarv@list.ru

There are a lot of books and articles devoted to polynomial inequalities (see, [1-4],
for example).

By D denote the unit disc.

In 1949, for fixed n € N M. Marden introduced and investigated (see [2]) the
following differential operator B, which associates with a polynomial f(z) of degree
at most n the polynomial

B nz nz\2 f"(z)
Bf)(z) = hof (=) + M f(2) + 2 (5) 5
here Ay, A1, Ao are any constants such that
u(z) = Ao+ CI Az + C2X92® # 0 in the half-plane Rez > % (1).

Q. I. Rahman and G. Schmeisser showed that the operator B preserves the in-
equalities between polinomials. More precisely, they proved
Theorem A. [3, p. 538-540] Let f, F' be polynomials, deg f < degF' = n, F

have all zeroes in D, and |f(z)| < |F(z)| on OD. Then for 2 € C\D
|B[f](2)] < [B[F](2)], (2)
here the constants )y, defining the operator B, satisfy (1).
We have obtained a generalization of Theorem A. We have substantially expanded

the possibility of choosing the parameters A, for which inequality (2) holds.
Theorem 1. Let f, F' be polynomials from Theorem A, R > 1, Lr be the curve

n Re™
{5(1 + Rcos Q’D)(Rei‘P)Q L €0, 27T]} :

If either a) zeroes z; and zy of the polynomial u(z) belong to the half-plane

or b) the line, passing through z; and z, does not intersect L,
then for |z| > R inequality (2) holds.
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Maximum of the diameter of level lines in Jenkins class.
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Kuban State University
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Let ¥ — class of univalent meromorphic functions f(2) = z +ap+ 2 +...; in
Us={{z: |z| > 1} %o C 3, f(2) # 0. X(r), 0 < r < 1, subclass f(z) from
Yo : R(D,0) = r, D=C)\ f(U*), R(D,0) conformal radius of simply connected
domain D in the point 0. X(u,p), 0 < p < 1, 0 < p < —5logp, subclass f(z)

from o : m(C\ f(U*)UU,) = p, m(D) — modulus of double connected domain D,
U,={z: |z| < p}. Class X(r) is Jenkins class [1] studied in [1], [3], [4], [5]; X(4, p)
defined and studied in [5]. In class X(u, p) obtained exact estimate of the diameter
of level line by modulus method in combination with method of symmetrization.
When p — 0 Solynin A.Yu. [4] obtained respective result for class X(r).
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Extremal bounds in module estimates
A. Golberg

Holon Institute of Technology
52 Golomb St., P.O.Box 305, Holon 5810201, Israel
E-mail: golberga®hit.ac.il

The global conformality of a mapping provide a strong rigidity even on the plane.
In higher dimensions this property holds, in view of the classical Liouville theorem,
only for restrictions of the Mobius transformations. On the other hand, a natural
extension of conformality is given by quasiconformal mappings, and the differentia-
bility almost everywhere, Holder continuty, etc. closely relate to weak conformality.

In the talk, we provide the sufficient conditions for homeomorphisms in R” to be
real differentiable at a point, Lipschitz and weakly Lipschitz continuous, etc. in the
connection with the classical Teichmiiller-Wittich-Beliskii theorem. This involves
a refined module technique. We present extremal bounds for distortions of the
conformal moduli in both homeomorphic and nonhomeomorphic cases.
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Let D ={z € C: |z| < 1} and h be a locally univalent function, analytic in D. The
Schwarzian derivative of h is defined as

1\, "y 2
)= (5) -1 (59)"
An important role of S in geometric function theory follows from
Nehari Theorem [1]. Let h be a locally univalent analytic function in D and
1Sh(2)] < 2p(|z]) in D, where the Nehari function p(x) is positive, continuous, even
n (—1,1), and (1 — 2%)?p(x) is nonincreasing on [0, 1) and no non-trivial solution of
the differential equation u” + pu = 0 has more than one zero on (—1,1). Then h is
globally univalent in .

The special case of Nehari theorem claims univalence of h if [Sy(2)[(1 — |2]?)?
in D.

Every sense-preserving function f(z), harmonic in the unit disk D, has a form f(z) =
h(z) 4+ g(z), where h and g are analytic in D and the dilatation w(z) = ¢'(2)/h/(2) is
analytic, |w(z)| < 1 for all z € D. The order of f is defined [2] as

1 (L= |2) — 23]

Q1= 5 8UDP,cp

R. Hernandez and M. J. Martin [3] proposed a definition of Schwarzian derivative
for the sense-preserving harmonic mappings:

2
Sy(2) = (WK ()P = |9'(2)P))... — 5 (Ln(|W' ()] = 1g'(2)]*)) -
The properties of Sy were intensively studied in the row of papers (cf., [3 - 5]).

During the talk some analogues of Nehari theorem for harmonic functions will be
discussed. Particularly the following results will be presented:

Theorem 1 [5]. Let a harmonic function f be sense-preserving in D, o« < 0o be an

order of f and |Sy(2)|+ 2{)“71%/)3 < 2p(|z|) for some Nehari function p and for all z € D.

Then f is univalent in .

Theorem 2. Let a harmonic function f be sense-preserving, |w(z)| < k < 1 in D,
a < 00 be an order of f and [Sp(z)|(1 — |2 )2 < 2—8k(a+3+3k/(1+k%)/(1+k?)
for all z € D. Then f is univalent in . Result of Nehari follows when k — 0.
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Approximation of derivatives based on ®-triangulation
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The class of ®-triangulations of a finite set of P points in R” similar to Classical
Delaunay triangulation is introduced. Such triangulations are constructed using the
condition of empty intersection with the set P of the interior of every convex set
from a given family of convex, bounded sets whose boundary contains vertices of
the simplex of the triangulation. In this case, the classical Delaunay triangulation
corresponds to the family of all balls in R”. We use of ®-triangulations to ob-
tain estimates of the error of approximation of the derivatives of C?-smooth convex
functions by piecewise linear functions.

Let P C R" be a finite set of points P = {p;}, ¢ = 1,...,N. For a function
f € CYR"™) we consider the problem of approximation of its derivatives by values
f(pi). One of the methods for solving such a problem is a method based on the
construction of a triangulation T of the set P. For a simplex S € T with vertexes
Digs Diys -, Pi, € P there is the function fg(x) = (b, x) + ¢ such that

f(pi,) = fs(pi,), k=0,..n.

We put
0s(f) = max |V f(z) =V fs(2)]. (1)
We consider the function f : R" — R of class C*(R") such that
— 0*f(x) 2
——=&& | < ME)5, 1,3 =1,..., 2

for all ¢ € R™ with some constant M > 0. For » > 0 and y € R" we define the
following set

Sp(y.r) ={a: flx) + M|z —y> < f(y) + (Vf(y),z —y) +r}. (3)

Theorem. Let f(x) € C*(R") be a function with (2). Then for every locally finite
e-net A C R" and its ®-trianguation T', constructed by family {¥} the following
inequality holds for all simplexes S € T

sup [V /(2) — V fs(a)| < C(n) 5 Be + 2MR(S),

res

where R(S) is the circumradius of the simplex S, i.e., the radius of a sphere circum-
scribed around S.
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On quasiconformal maps and semi-linear equations in the plane
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E-mail: vgutlyanskii@gmail.com

Assume that €2 is a domain in the complex plane C and A(z) is symmetric 2 x 2
matrix function with measurable entries, det A = 1 and such that 1/K [£]? <
(A(2)€, &) < KIE?, € € R?, 1 < K < oo. In particular, for semi-linear elliptic
equations of the form div (A(2)Vu(z)) = f(u(z)) in €2, where f is continuous and
nonnegative, we prove Subharmonic factorization theorem. This theorem states
that every weak solution u to the above equation can be expressed as u = T' o w,
where w : 2 — G stands for a K —quasiconformal homeomorphism generated by the
matrix function A(z) and T'(w) is a weak subharmonic solution of the semi-linear
equation AT (w) = J(w)f(T(w)) in G. Here the weight J(w) is the Jacobian of the
inverse mapping w™ . Similar results hold for the corresponding nonlinear parabolic
and hyperbolic equations. Some applications of these results in anisotropic media
are given.
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Let D be a bounded convex domain in the complex plane containing the origin, and
let M = (M), be a non-decreasing logarithmically convex sequence of positive
numbers. By H(D, M) we denote the Carleman class type space consisting of
functions analytic in D with the norm

f"(2)]

= sup sup ——— < 00.
The system {e**}\cc is complete in the Banach spaces H(D, M).

Let E be a normed subspace in H(D). We call a largest locally convex space
contained in E and invariant with respect to the operator of differentiation an in-
variant kernel &,. Let us M, = M, for —n € N and let us denote by M, k € Z,
the “shifted” sequences (M, 1) .

Theorem 1. Let M be a non-decreasing logarithmically convexr sequence of pos-
itive numbers satisfying the "non-quasi-analyticity” condition

S

— My

Then the invariant kernel H,(D, M) of the space H(D, M) coincides with

N_pen H(D, My,). If we consider the topology of the projective limit in this inter-
section, than the differentiation operator acts continuously in this space.

A discrete set S = {p, fnen is said to be a sparse set if for some § > 0 the disks
By(6) = B(ug, d) are pairwise disjoint and the counting function of this set satisfies
the ratio sup,(u(2t) — u(t)) < oo.

Theorem 2. Let D and M be the same as in theorem 1. Then for a positive
function m(t), t > 0, increasing to infinity and satisfying the condition m(2t) —
m(t) < 1, t > 0, there is a system of exponents A = {\;, k € N}, such that
the system of exponentials {e'z}"“, k € N} is a representing system in the invariant
kernel H,(D, M) of the space H(D, M), that is, any function f € Hy(D, M) can
be represented as the sum of a series

f(z) =) fre™
k=1

converging in the topology of projective limit of the spaces H(D, ./\/l(k)), —k e N. If
we remove from the system of exponents A a sparse subset {ny, k € N} with counting
function n(t) satisfying the condition

m(t) —n(t) / +o0,

then the system of exponentials {e*™, Ay € S = S\ {nr, k € N}} remains to be a
representing system. If m(t) —n(t) < C < oo, t > 0, then the remaining exponential
system may not be a representing system.

IThis work was supported by RFBR (project 18-01-00095 A).
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Korn’s inequality plays central role in the analysis of boundary value problems
in linear elasticity. We establish analogs of Korn’s inequality on Heisenberg groups
H" with the sub-Riemannian metric. For a mapping w : U C H* — R?" of the
class Wpl(U ;R?"), we introduce the following generalizations of linear and deviator
strains:

Dyw + (Dpw)t tr Dyw
2 2n

where Dyw = (X;w;)ij=1.2, is the horizontal differential. (Here Xj,..., Xy, are

basis horizontal orthonormal left-invariant vector fields.) We can generalize Korn’s
inequality in two different ways. First, we may estimate the horizontal differential
via 1ts symmetric part.

Theorem 1. Let U C H" be a John domain and p > 1. Then

1Dyl < Cllwll, + ISawlly) - for w e W, (U;R*)  and

1,

Siw = , Sow =

| Dyw||, < Cl|Siw||, forw e W;O(U;Rz”), Vn fori=1, n#1 fori=2.

Second approach generalizes the following fact: linear strain vanishes on the Lie
algebra of the group of isometries. (Deviator strain vanishes on the Lie algebra
of the group of conformal mappings.) Therefore, we want to construct differential
operators O and Qs whose kernels coincide with the Lie algebra of the group of
isometries and the Lie algebra of the group of conformal mappings on Heisenberg
groups. To be more precise, kernels are horizontal coordinate functions of mappings

from the Lie algebras. Define Q;w = (‘gix), 1 = 1,2, where

%(th + JDpwlJ), forn>1, J= (_O[ é) :
TUJ - X2X1w2 — 2X1X2w2 — X12w1 for —1
2X2X1w1 - X1X2w1 + X%UJQ ’ =L

Theorem 2. Let U C H" be a John domain, p > 1, w € Wpl(U;RQ”) forn > 1
and w € W}(U;R?) for n = 1. Then ||w — ILw|, < C||Quw|,, where II; is a
projection to the kernel of Q;, i =1, 2.

To prove Theorems 1 and 2 we use special integral representation formula from [1].
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1

In this talk we consider asymptotically sharp extensions of the classical Bernstein
and Markov inequalities for rational functions on Jordan arcs and curves (see [1]).
Also we discuss higher order inequalities for trigonometric polynomials (see [2]). The
asymptotically sharp constants there can be expressed via the normal derivatives of
certain Green’s functions with poles at the poles of the rational functions in question.
In the proofs key roles are played by Borwein-Erdélyi inequality on the unit circle,
Gonchar-Grigorjan type estimate of the norm of holomorphic part of meromorphic
functions, fast decreasing polynomials, and conformal mappings.

This presentation is based on a joint work with Béla Nagy and Vilmos Totik.
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The aim of the talk is to describe in sub-Lorentzian geometry surface images
of graph mappings constructed using intrinsically Lipschitz mappings of two-step
Carnot groups. Sub-Lorentzian geometry can be considered as a sub-Riemannian
version of well-known Minkowski geometry. The research in sub-Lorentzian geome-
try began only in recent years.

We consider ¢ € CL(Q,G), where Q@ C G is an open set, G (G) is a graded
nllpotent group of the topological dimension N (]V ) with Lie algebra V = V; @& V4
(V = Vi ®V4), and a unit element 0 (0). Moreover, G, G C U, where U is a two-step
nilpotent graded group of the topological dimension N + N, GNG = 0 = (0,0).

The graph mapping r : 2 — U assigns to each x the element p(x) -z, where “” is
the group operation (defined by Baker—Campbell-Hausdorff formula).
The sub-Lorentzian distance on U is defined via following definition of the squared

norm of a vector field (here Y;,...Y,, 5 are basis fields on U):

N+
N+N dim ‘71+ dim ‘71_
SL? Z . Z 2 Z 2
d2 ( y]Y?) — maX{ y] _ ydim ‘71++k’
dim Vs dim V5,
2 2
Sgn( > Yaim 0+ > ydimf/lerimvaJrk) X
j=1 k=1

dim Vs dim V,

1/2
o 2
Z Ydim ¥+ Z Y dim ¥, +dim Va+k :
= =1

The intrinsic measure *LHY is defined by applying Carathéodory construction to
sub-Lorentzian balls in the intrinsic basis obtained by modifying the initial one.

Theorem 1. The intrinsic sub-Lorentzian YH¥-measure of the graph surface
or(€2) can be calculated with the formula

/ ST (g, 0) dHY (v) = / 1S H (),
Q ‘PF(Q)

where sub-Lorentzian Jacobian 5t J (¢, v) is defined as follows:

~

et Bamy + (D)), (01Dl ) = (Bl (0 (Do) 5 (0) %

% \Jdet(Bamv, — (D), 7, (0)* (D), 7,(0)):

Here (Dgo) ~ and (Dcp) _are parts of sub-Riemannian differential of ¢ corre-
1 1

sponding to pos11:1ve and ‘negative” directions in G.

!This work was supported by the Ministry of Education and Science of the Russian Federation
(the Project number 1.3087.2017/4.6).
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1

Let T' be simple closed non-rectifiable curve on the complex plane dividing it
in two domains D™ and D™, co € D~. If function f is defined on I". We call
a function F'(z) its integrator if (i) F' is continuously differentiable in C \ I', has
compact support, and its first partial derivatives are integrable in C; (ii) F has limit
values from both sides F'* on I satisfying relation

Fr(t)—F (t)=f(t), teTl.

Theorem 1. If f satisfies the Hélder condition with exponent v(t) > 0 in a
neighborhood of t for any t € I', and

v(t) >1—m(t), tel,

where m(t) is the Marcinkievicz exponent of the curve I' at the point t (see [1], [2]),
then the function f has an integrator.
Analogous result is valid for certain classes of functions f with singularities on I'.
If both coefficients u, v of differential form w = udz 4+ vdz have integrators U, V,

then functional
8V¢ oU ¢ _
Cls¢p— [ gw ( ) dz dz
oo ff

is a generalization of the curvilinear integral [ ¢w on the case where it is taken
over non-rectifiable path. We apply this generalization for solving of the Riemann
boundary value problem in domains with non-rectifiable boundaries for analytic and
generalized analytic functions.
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1

We obtain a Cauchy-type integral representation to solve Beltrami equations and
apply it to the Riemann boundary value problem for that equations on non-rectifiable
contours. There are some classical results [1, 2] for such problems for piecewise-smooth
contours, but in non-rectifiable case we get some new results.

We solve the problem in the following statement The R(0) statement: The
polynomial f of degree s, the curve I', and defined on it coefficients G, g are given.
Find the solution ¢ of equation 0¢ = pude, |u(z)| < 1. vanishing at the infinity in
C\ I such that it has limit values ¢=(¢) from the left hand side and from the right
hand side at any point ¢ € I', these limit values satisfy boundary value condition
ot (t) = Gt)p (t) + g(t), teTl,and ¢ € H(I',\) with A(t) > ag(t) —1,t €T,
where ag 1s the local Hausdorff dimension of T'.

All following results was obtained in terms of so called Marcinkiewicz exponents,
which are a kind of metric characteristics, invented by the author |3, 4].

As a main result we obtain Theorem 1. Let f be a polynomial, coefficients G
and g belong to H(I',v), and G does not vanish on I'. We denote the decrement

of the argument of G on I' as 2rk. If conditions v(t) > 1 — ima([;t), t € T.
and ag(t) —1 < min {V(t), ma(r;z‘zég)_y(t)) : }“_Lg}, t € I, are satisfied, then there
exist an exponent A(t) such that the set of solutions of Riemann problem ¢*(t) =
G(t)p~(t) + g(t), t € T for the Beltrami equation in the R(0) statement has the
ollowing structure:

- if kK = 0, then it consists of a unique solution;

- if k > 0, then it is infinite, and formula of the general solution contains arbitrary
polynomial of degree less than k;

- if k < 0, then it is either empty or contains a unique solution depending on
fulfillment of —k linear solvability conditions.

All solutions and solvability conditions are representable in terms of Cauchy type
integrals over a non-rectifiable curve I.

An analogous result is valid for the R(m) statement.
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Classical task in the complex function theory concerns with the construction of the
conformal mappings F'(w,a) = (w—a)f(w, a) from the regions D of the planar type
and finite connectivity onto the unit disk with cuts along the arcs of prescribed form,
namely, circular concentric arcs, radial slits, or their various disjoint combinations.

[.P. Mityuk [1] has proposed a way to define a generalized reduced modules con-
nected with functions F'(w,a). The generalized reduced module,

M(w, D) = o In| f(w, w), 1)

of a multiply connected domain D at a point w will be called Mityuk’s function with
respect to the distinguished canonical domain.

Connection of the functions (1) with the exterior inverse boundary value problems
goes back to F.D. Gakhov [2]. As it has appeared, the non-emptiness of the critical
points set of the function M (w, D) is equivalent to the solvability of the suitable
exterior problem. The existence of critical points of Mityuk’s function in the case
of circular concentric slits has been proved by M.I. Kinder [3]. The case of circular
and radial slits is studied in the present report: we construct the function F(w,a)
and establish the following

Theorem. Let D be (n + 1)-ly connected Jordan domain. Mityuk’s function
M (w, D) with respect to the unit disk with circular and radial slits has at least one
critical point when n # 1.

We also discuss the classification problem for the critical points of Mityuk’s func-
tion and the examples of an absence of such points.
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When studying the behavior of holomorphic functions near isolated points, the
Laurent series is an important tool.

In a multidimensional space in certain cases, for example, in some areas of Har-
togs (Hartogs-Laurent series) or in the product of discs, there are expansions of
the Laurent character. Moreover, the domain of convergence such expansions are
relatively complete Reinhart domains (see [1]).

The paper deals with the expansions into Laurent series of functions in classical
domains of three types, where the points of the domain serve matrices are rectan-
gular, symmetric and skew-symmetric, respectively ([2-4]).

References

1. Shabat B.V. Introduction to complex analysis. Part 2. - Moscow: Nauka,
1985. - 464 p.

2. Siegel, K. Automorphic functions of several complex variables. Moscow: IL,
1954. - 168 p.

3. Hua Loken. Harmonic analysis of functions of several complex variables in
classical domains. - Moscow: IL, 1959. - 163 p.

4. Pyatetskiy-Shapiro I.I. Geometry of classical domains and the theory of au-
tomorphic functions. - Moscow: Nauka, 1961. - 192 p.

60



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

Koebe theorem for p-valent functions
V. Yu. Kim

Far Eastern Federal University,
Vladivostok, Russia
E-mail: victoria__kim@mail.primorye.ru

Let M,(w), p > 2, be the class of all holomorphic p-valent functions in the unit
disk U = {z : |z| < 1} with normalization f(0) =0, f(w) = w, 0 < w < 1. [1,
Ch. 3.4]. Let R(f) denote the Riemann surface obtained as image of the unit disk
U ={z: |2] < 1} under the mapping f of class M,(w). For every function from the
class M,(w), we obtain the maximal value p(p,w), for which the Riemann surface
R(f) contains an open k-valent disk, k& < p, branching over the disk |w| < p(p,w).

w

T, [4w+<1+ﬁ>i3s2<w/<2p»}

p(p,w) =

where T),(z) = 2P712 + ... is the Chebyshev polynomial of the first type.
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Denote by D = {z : |z| < 1} the unit disk of the complex z-plane F, z = x + iy,
i? = —1; I' = 9D is the boundary of D; and D = DUT. B

We use the following standard functional spaces with the standard norms: L,(D),
WHD), k=0,1,...,p>1, CD), CXT), k=0,1,...,0 < a <1, W, *(I).

We consider in D the first order general elliptic linear system in the complex form

Dw = 0:w + q1(2)0,w + q2(2)0:w + A(2)w + B(z)w = R(z),

where 0; = 1/2(0/0x+1i0/0y), 0, = 1/2(0/0x —i0/0y), are derivatives in the sense
of Sobolev; ¢1(z) and ¢2(2) are given complex functions;

1q1(2)| + |g2(2)| < go = const < 1, z € D;

A(z), B(z), R(z) € Ly(D), p > 2, also are given complex functions.
Denote by

11 =~ [[ Klagan. ¢=e+in
D

Qw) =w(2) +T(q1(2)0,w + q2(2)0:w + A(2)w + B(2)w).

Theorem 1. If qi1(2), ¢2(2) € C(D), A(z), B(z) € L,(D), p > 2, then Q is a
(real) linear isomorphism of the Banach space W, (D).

Theorem 2. If q1(2), ¢2(2), A(2), B(z) € C¥(D), k> 0,0 < a < 1, then Q is a
(real) linear isomorphism of the Banach space C*1(D).

Theorem 3. If qi(z), q2(2), A(z), B(z) € W)(D), k > 1, p > 2, then Q is a
(real) linear isomorphism of the Banach space W]f“(ﬁ).

Theorem 4. In the assumptions of theorem 2 for an arbitrary function w(z) €
C*1Y(D), k > 0, we have a priori estimate:

oz < const { [ Duwllym) + lwll oz
where const depends only on k, a and norms of the coefficients of the operator D
in Ck(D).
Theorem 5. In the assumptions of theorems 1, 3 for an arbitrary function
w(z) € WF(D), k > 1 we have a priori estimate:
fwlhyg < const { Dl + ol oy -

where const depends only on k, p, and norms of the coefficients of the operator D
in the corresponding spaces.
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An estimate of the distortion of the angles of the triangles of a
triangulation under a diffeomorphism
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Let triangulation in the plane be given in the form of a set of triangles {T}}2"_;.
Suppose that there is a mapping f : R*> — R? given by the equations u = u(z,y),
v = v(x,y). We assume that it is continuously differentiable and one-to-one. We
introduce some notations. The Jacobian of the mapping f is denoted by J =
vy — uyv, and let || f'||* = w2 + u? 4 v} + v. Assume that there is a constant M
such that max{|u,|, [uyl, |vs], |vy|} < M. We set

\ ) arealy,
= min ———.
1<k<N (diamT},)?

Further, we assume that there exists a constant C' > 0 such that for any points
(x1,71) and (x2,ys) there are inequalities

|u(a, y2) —u(xy, y1) —ue (21, y1) (€2 —21) =ty (21, 41) (Y2—11)| < C((x2—21)*+(y2—11)%)
and
|v(@2, y2)—v(w1, Y1) —va (1, Y1) (@2—21) —vy (21, Y1) (Ya—1)| < C((w2—21)"+(Y2—11)*).-

If we connect the images of all the vertices of the triangles T} under the map f, we
also obtain a set of triangles {7} }_;.

Theorem 1. Let for some constant Jy > 0 inequality J > Jy is hold everywhere
in R%. Let d = mkax diam7}. and

JoA?

4 < Gt 2cd)

Then for any angle ' of the triangle T is there the inequality

g s = SUM+d)d
2+ 45 2M + d)d

sin 6,

where €' is the angle corresponding to the angle 0 in triangle Ty and the values J
and || f'|| are computed in one of the vertices of the triangle T}.
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The research focuses on the problem of constructing holomorphic and univalent
mappings of the complex half-plane onto circular polygons with the use of the
Schwarz differential equation. The author specifies the generalisation of the P.P.
Kufarev’s method [1] to determine accessory parameters and preimages of poly-
gon vertices. The Kufarev method for determining accessory parameters in the
Christoffel-Schwarz integral [2], based on the Lewner differential equation, reduces
the problem of finding preimages of vertices to the problem of ODE system inte-
gration. Some special cases of mappings of a half-plane onto circular polygons are
obtained. The research investigates the connection between the accessory parame-
ters of the map and the preimages of vertices. In some special cases, this connection
is obtained.
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1

We study a problem of uniform approximation of constant functions f(z) = ¢ by
differences of simple partial fractions [1], i.e., by logarithmic derivatives R = 7’ /r of
rational functions r, on compact subsets K of complex plane. Every difference is a

finite sum of the form | |
Zz—zj _Zz—,%j’

therefore our problem can be treated in terms of electrostatics: we construct on
K the constant electrostatic field due to electrons (at points Z;) and positrons (at
points z;), sf. [2].

For every constant ¢ € C we put r = r,(2) = Q(2)/Q(—z), where Q(z) =
Qulc;z) = L2 Yez) (L,;?"71(t) is a generalized Laguerre polynomial L% with pa-
rameter &« = —2n — 1). It’s easy to see, that the logarithmic derivative

Ry (c;z) = 1,(2)/rn(2)

is even. We prove, that

Z2n

Ry(c;2) —c= (—1)n+1m (), pn () = 2" (@n—n'),> :

and for every 7 > 0 and n + 1 > max{14; e|cr/2|*}

2 n n
3 12l < |Bales2) — el <2 [2"pallel), 2l <7

In partially, for every n > 1 and all zeroes z;, of polynomial L 2""1(z) we have

|zK] > 24/(n+1)/e, 1<k<n, néeN.

Remark, that our problem related to the classical problem of rational approxima-
tions to e”.
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Hermite—Padé approximants for meromorphic functions on a compact
Riemann surface'
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In the talk we consider the problem of reconstruction of the values of a multivalued
algebraic function with the help of Hermite-Padé polynomials of the first kind.

More precisely. Let R be a compact Riemann surface and 7 : ® — C be an
(m + 1)-fold branched covering of the Riemann sphere C, m > 1. Let f be a
meromorphic function on R, and let the functions 1, f, f2,..., f™ be independent
over the field C(z) of rational functions. Let o be an arbitrary point of $& that is not
critical for the projection 7. Without loss of generality we suppose that o € 771(0)
and denote 00”) := o. In a neighbourhood of co we set f..(2) := f(m;'(2)), where
T is the biholomorphic restriction of 7 to a neighbourhood of co(”). For convenience
we suppose that the germ f.(2) is holomorphic at oc.

Let us define the Hermite-Padé polynomials of the first kind Qno,...,Qnm of

order n € N for the tuple of germs [1, fw,..., f2] at the point co € C in the
following way: deg@,; < n, 7 = 0,...,m, at least one of @), ; # 0, and the
following asymptotic relation at oo holds true:

1
@no(z +Zfﬂ 2)Qn, (2 (W) as z — 00.

We find the limiting zero distribution of such Hermite-Padé polynomials Qn.j(2)

and also the asymptotic behaviour of the quotients 3“(( )) j=0,. — 1, which

are called Hermite—Padé approximants of f,,. With the help of such Hermite—
Padé approximants we reconstruct the values of f on the first m sheets in so-called
“Nuttall’s partition” of the Riemann surface R into m+1 sheets that was introduced
in [1].

The talk is based on the joint work with E.M.Chirka, R.V.Palvelev, and S.P.Suetin
[2]. The work was also discussed with N.G.Kruzhilin.
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1

Let A = {\,nx}72, be a sequence of different complex numbers, |Ag1] > | i,
k> 1, | x| = oo, k — oco. The series exponential monomials are considered

oo,np—1

Z dkmz"eA"‘Z. (1)

k=1,n=0

Let @1, @9 € [—2m,27), w2 — 1 € (0,27]. We set

T(p1,02) = {A =t : p € (p1,p2), t > 0}

Let A(¢1,p2) denote a sequence consisting of all pairs {\g,nx} such these A\, €

['(p1, 02). ' . .
Let K be a convex compact with a supporting function

H(p,K) =supRe(ze ™), pcR
zeK

and let L(p, K) = {2 : Re(ze™™) = H(p, K)} N 0K, ¢ € R. Let ®(D) denote a set
of angles ¢ such that L(p, K) be a segment.
The sequence A = {\i, n} will be called a simple if ny = 1 and [A\gi1| — | Ak| > b,
k % 1 for some number h > 0.
et

ny(A) = lim lim n(r, A) —n((1 = 9)r,A)

Y
§—0 r—0o0 or

where n(r, A) is the number of points A\ taking into account their multiplicities ny
in the circle B(0, 1),
— ng — Iny

m(A) = kh_glo m, o(A) = jlgglo H,

where {{;} is not decreasing sequence composed of points \; at that each A, occur-
ring in it exactly n; times.

Theorem 1. A = {\;,n;}, m(A) = o(A) =0, D is a convex domain, —p € ®(D),
(21, 20] € L(—p, D). Assume that there is § > 0 such that A(¢ — 3§, o+ 0) is a simple
sequence and

2 inf ng(A(p — . + ) = [z — 2.

Then there are dy,,, such that the series converges in D and its sum has no singular
points on the interval (z1, z2).

IThis work was supported by REBR (project 18-31-00029).
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It is well-known that plurisubharmonicity of the Kobayashi metric on a complex
Banach manifold implies deep geometric and pluripotential features. This metric on
Teichmiiller spaces coincides with their intrinsic Teichmiiller metric determined by
extremal quasiconformal maps. Its plurisubharmonicity is proven in [1] only for the
universal Teichmiiller space.

In the talk, we establish that the Kobayashi-Teichmmiiller metric 7,,(1, 1) of
Teichmmiiller spaces T(0,n) for the punctured spaces (and simultaneously for some
Riemann surfaces of positive genus) is logarithmically plurisubharmonic separately
in each of its argument; hence, the pluricomplex Green function of T(0,n) equals
g1 (11, 19) = logtanh 7, (11,19) = log k(11,12), where k is the norm of extremal
Beltrami coefficient defining the Teichmmiiller distance between the points 1, ¥
in T(0,n). In addition, the differential (infinitesimal) Kobayashi metric Cr (1, v)
on the tangent bundle 7T(0,n) of T(0,n) is logarithmically plurisubharmonic in
Y € T(0,n), equals the infinitesimal Finsler form Frp(v,v) of metric 7, and has
constant holomorphic sectional curvature —4.

This important fact has many interesting applications and opens the ways to
create the pluripotential theory related to finite dimensional Teichmmiiller spaces.
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In this paper we consider the realization of a classical domain of the first type in
the form of a Siegel domain of the second type defined in the space of rectangular
matrices, and for this domain we prove a boundary analogue of the Morera theorem.
The boundary analogues of Morera’s theorem were considered in [1]-[3], and also in
the monograph [4].They affirm the possibility of a holomorphic continuation of the
function f from the boundary 0D of the domain D C C" under the condition that
the integrals of f are equal to zero along the boundaries of analytic discs lying on
oD

It is known that any bounded homogeneous domain (with respect to holomorphic
automorphisms) in C has a realization in the form of a Siegel domain of the second
type. In particular, the classical domain of the first type R is biholomorphically
equivalent to a some Siegel domain of the second type, which is constructed with
the help of the following construction.

Let U; be a square matrix of dimension p x p, and Us is a matrix of dimension
p X (¢ —p). In the space of pairs matrices (U, Us) of complex dimension N = pgq we
consider domain

D = {U = (Ul, UQ) € C[p X q] : ImU;, — UQUS > 0},

where ImU; = o-(U; — U7).
We denote the skeleton of this domain by

Q = {U = (Ul, UQ) :ImU; = UQUQ*}
Consider the following embedding of the disk A = {|t| < 1} into the domain D:
{Q, eCP: Q= d(td (A"t € A}, (1)

where A° € G. If U is an arbitrary automorphism of the domain D, then the set (1)
under the action of this automorphism becomes an analytic disk with boundary on

g

'Theorem. Let f be a continuous bounded function on G. If for f the condition

/ FW(9)) dt =0
OA

for all U automorphisms of the domain D and a fixed A° € G, then the function f
extends holomorphically in D to the function F' € H> (D) is continuous up to G.
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1

This work provides a partial solution to one of the problems formulated by A. A.
Agrachev in [1]. Namely, an upper bound for pu(n) is obtained, where pu(n) is the
minimal possible multiplicity of a circle in R™ which admits a nondegenerate (that
is, having a Frenet frame in each point) continuous (as a closed curve) deformation.

The first non-trivial case of this problem was studied by J. Milnor [2] and W.
Fenchel [3], whose results imply that u(3) = 2.

Our results consist of: [i] a simple observation that suffices to conclude that for
all positive integers m we have p(2m) = 1, [ii] more importantly, a method of
constructing some odd-dimensional examples recursively (starting at n = 3, then
proceeding from n = 2m + 1 to n = 2m + 3).

The first step of the aforementioned method produces the following upper bound:
Theorem 1. u(5) < 7.
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Variational methods for quasiconformal mappings were first introduced by Belin-
sky P. [1] and have find various application by Biluta P. [2], Krushkal S. [3], Shiffer
M. [4, 5], Shober G. [5, 6] and others. In our paper, variational problems for certain
classes of quasiconformal mappings are considered.

We have established that if ¢;: C — R, 7 = 1,2 are continuously differentiable
functions such that 0 < ¢; < ¢ and ¢; + ¢2 < 1, then there exists a solution f of
the Beltrami equation with two characteristics, which has logarithmic singularity
at the selected point. In order to find a representation of the function f we solve
the variational problem. This problem consist in constructing the quasiconformal
mapping deliviring maximum value to the slightly varied Schiffer and Schober’s
functionals. With this mapping at hand we compose it with a solution of Beltrami
equation of the second kind.

Following the method exposed at the article [5] of Schiffer and Schober we find
(p, q) — analytic function with a logarithmic singularity, whose real part is a quasi-
fundamental solution of the equation: (pU,), + (pU,), + ¢.U, — ¢,U, = 0.

Besides we introduce the class of K, — quasiconformal mappings whose character-
istics are unbounded at the given point zj, coefficients of the corresponding systems
tending to infinity as |z — zo| ™%, 2 — 2.

On this class of mappings we find an extremal one for the functional generalizing
that of Schiffer and Schober.
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We consider the class of p-harmonic Green’s mappings for which level surfaces
St(ug) = {x € G : ug(z, x9) =t} of p-harmonic Green’s function ug(x, xo) for the do-
main G C E" ([1]) are mapped on the level surfaces Sy(uz) = {y € G : uz(y,y0) = t}

of p-harmonic Green’s function uz(y, yo) for the domain G C E”, and the trajectory
of the field Vug(z,xy), which enters the pole xg, corresponds to the trajectory of
the field Vug(y, y0), which enters the pole yy (1 < p < o0). The construction of
such mappings is carried out by analogy with the Green’s mappings (p = n = 3)
considered in the monograph A.l. Januszauskas [2], as a special case of harmonic
mappings with respect to M.A. Lavrentyev.

Let f : G — G be p-harmonic Green’s mapping of the domain GG onto the domain

G, f(z0) = yo; f; is the trace of the mapping f on the level surface Sy(ug), Jy,(x) is
the jacobian of the trace f; and J¢(z) is the jacobian of f.

Theorem 1. The following relations hold: 1) hm Je(x) =1; 2) hm |V“G| = 1;
Vue(z,z0)] \' Vug(z, $0)| P
3)94(0) = v € Siuc) 4)Jy(a) = .
! Vug(f (). yo) f P\ Vug (), wo)l

Suppose that the domains G and G have regular boundaries and are homeomor-
phic to the ball. We denote by R,(xo, G) the p-harmonic inner radius of the domain

G with respect to the point zg € G (see [3]). Let v = ==L
Theorem 2. 1) If 1 < p < n, there exists the der1va1;1ve number

lim = - n:
a—xg 1E=T0]? p ’
1

Ni(20) = »
f lim [|y_y0‘ —‘x_xo"y] 7’p<n.
T—T0
R,(x0,G), p>mn;
2) Rp(yOJ é) - A?(xO)Rp(,IO’ G’)7 p=n; B
[(RP(ZCO; G))_’Y + ()\]}(xo))_’q 'y’ p<n.

3) If G is the ball of radius R centered at 1, then
Jr(x) =1+ O(|Jx — 207 1), as © — x¢ if and only if R,(x9,G) = R.
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non-compact Riemannian manifolds
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pr. Universitetskii, 100, Volgograd 400062, Russia
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This work is devoted to studying the asymptotic behavior of solutions of the

Poisson equation
Au(z) — c(z)u(z) = f(z) (1)

on Riemannian manifolds with model and quasimodel ends. In particular, we find
the conditions for solvability of the Dirichlet problem with continuous boundary
conditions ‘at infinity’.

Let M be a complete Riemannian manifold without boundary, being such that
M =BUDi---UD,, where B is compact set, and D; is isometric of the direct
product R x S; (where Ry = (0,00), and S; is a compact Riemannian manifold)
endowed by a metric of the form

ds® = dr? + g3(r)db;.

Here g;(r) is a positive smooth functions on Ry, df? is a metric on S;. D; is called
model end. Suppose that on D; fulfilled ¢(z) = ¢;(r) and f(z) = f;(r,0).

Denoted
ai(r) = || fi(r,0)|| L1 (sy),
am;(r) = ||Ay fi(r, 0)| z2(s,),

where m = [2%], and

5= [Cao () (g#@ a€) + as) + om() 7 (©)de )

where dimM = n.

Theorem 1. Suppose that J; < oo for some i. Then for any ®; € C(S) and
U; € C(S;) there is unique solution of equation (1) on D; such that u(ry,0) = ®;(0)
and lim, o u(r,0) = ¥,;(0).

Theorem 2. Suppose that J; < oo for all i. Then for any V; € C(S;) there is
unique solution of equation (1) on M such that on each D;

lim u(r, ) = U;(0).

r—00

The proof is based on the results of the papers [1] and [2].
Similar results were obtained on manifolds with quasimodel ends.
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Asymptotics of Hermite—Padé approximants

for functions with three branch points !

V. G. Lysov
Keldysh Institute of Applied Mathematics RAS
E-mail: vlysov@mail.ru

Let A be a finite set on the complex plane. Let A4 be a set of all the analytic
germs at infinity f(2) = > 72 c,27" such that: a) f has an analytic continuation
along any path in C\ A; b) the set B(f) of the branch points of f is not empty:
A D B(f) # @. For a finite set (f1,..., f;) of germs f; € Ay we consider rational

Pn,l Pn,'r .
Qn’" "7 Qn )"

deg Qn <rn, (ijn - Pn,j)(z) = O(Z_n_l), z—o00, jJ=1,...,r1

In [1] J. Nuttall made some hypotheses describing the domains of convergence of these
approximants and the limiting distribution of their poles. We consider these issues for
two particular constructions in each of which the set A consists of three points.

We assume that A := {ao, a1,as}. The first construction was introduced in [2],

where the Hermite-Padé approximants for the following pair (f1, f2) were studied:

B = [T w0 = - - ) 6> L
ao
In [2] the special case A = {—1,0, 1} was studied. The properties of the approximants
for an arbitrary three-point set A follow from the results of |3].
The second construction arose in [4] where some new arithmetic properties of = were
derived and the Hermite—Padé approximants for the set (fo1, foo, fi12) were applied:

“owi(C)d
e = [ OR Q) = (- ) -
aj Z = C

For each of these sets, we describe the curves that attract the zeros of @Q),. We
study the dependence of the topological properties of these curves from the set A. An
important role in our description is played by special vector equilibrium problem for
the logarithmic potential (see [5, 6]), curves with the symmetry property (S-property),
and critical trajectories of quadratic differentials on algebraic curves.

Hermite-Padé approximants with the common denominator
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It is represented the following plan of the talk.

1. The classical Borel-Polya results on analytic continuation of Taylor—Laurent
series with the help of the Borel-Laplace transform for an entire function associated
with this series.

2. A variant of the Polya—Bernstein theorem on a way of analytic continuation of
a Puiseux—Laurent series

oo

Z k—|—1 (7’790)7 T>R7 @GRa
k()p

generating by the power function z = p'/?, p > 0. This result is based on the
Bernstein construction of a many-sheeted indicator diagram £}, of the entire function

f(z)zzck—zk, 2eC

%7 ()

of order p > 0, p # 1 associated with the mentioned series. Here Fj, is the many-
sheeted surface, generated by motion of the half-plane IIj,(8) = {(p,0) : Rpe?? >
h(0), p € C}, where h is the indicator of f and 6 € R is the motion parameter.
generalization of the Borel method of analytic continuation of a Taylor series
and its many-sheeted variant for a Puiseux series.
4. Properties of analytic continuation domain of the Puiseux series — expansions of
the inverse to a rational function, in particular, the inverse to a Laurent polynomial

p=a(2) =2 +a 2" '+ +a,2"",2€C\{0}; a, #0, p,n €N.

5. A way of analytic continuation of the inverse to the polynomial p = a(z), p =n
and solutions of an algebraic equation {z € C: a(z) = 0}. The problem of determi-
nation of solutlons for this equation is equivalent to the problem of determination
of the inverse «,* with respect to the function p = a,(2), where a,,(2) = a(z) — a,.
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On connections on 3-dimensional subRiemannian Lie groups.!
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A subRiemannian 3-dimensional Lie group M can be considered as one of the
standard 3-dimensional Lie groups occupied with 2-dimensional non-holonomic dis-
tribution H° C TM defining admissible directions. It was shown [1] that it possible
to choose a basis (X,Y) in H" such that Lie bracket will have the following form:

(X,Y]=2 Y, Z]=(x+r)X, [X,Z]=(x—-~r)Y. (1)

There were several approaches to define a connection on a subRiemannian Lie group.
Firstly, the Tanaka-Webster connection on M as a contact manifold. Secondly,
Tanno connection on M as a CR-manifold. It was shown that equations (1) force
Tanaka-Webster and Tanno connections to coincide. The third previously known
connection was suggested by Wagner [2] from the absolute parallelism speculations.

We defined new type of connection assuming that the Heisenberg group should be
the flattest among all 3-dimensional Lie groups. It is well-known that the nilpoten-
tization procedure applied to a Riemannian manifold N will give its tangent space
T, N which if linear space and thus flat. The nilpotentization of any 3-dimensional
subRiemannian group will give Heisenberg group. Consequently, the assumption for
Heisenberg group to be the flattest is reasonable enough.

In subRiemannian case it is not trivial task to define curvature as not all directions
are equivalent. We defined the holonomy flag as the family of subspaces in T'M which
generalizes the holonomy algebra in Riemannian case:

Riy = {R(X,Y)Z | Z e H'} (| H,

where H' = {H""1,H"} form the standard filtration of tangent space for subRie-
mannian manifold M. We classified all torsion-free connections for which holonomy
flag of the Heisenberg vanishes. Also it was proved that all mentioned connections
on 3-dimensional subRiemannian Lie groups do not coincide.

References

1. Agrachev, A.; Barilari, D. Sub-Riemannian structures on 3D Lie groups. J. Dyn.
Control Syst. 18 (2012), no. 1, 21 — 44.

2. Wagner, V.V. Differential geometry of nonholonomic manifolds (Rusian). VIII
Internat. competitionon searching N.I. Lobachevsky prize (1937). Report, Kazan,
1939, 195 — 262.

!The publication was supported by the Ministry of Education and Science of the Russian
Federation (Project number 1.8126.2017/8.9).

76



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

MSC 30C15.
Free interpolation in the class of functions of finite order in the half-plane!
K. G. Malyutin, A. L. Gusev

Kursk State University
33 Radischeva str., Kursk 305000, Russia
E-mail: malyutinkg@gmail.com, cmex1990goose@yandex.ru

We denote by [p, co]™ the space of functions analytic in the half-plane C, = {2 :
Jz > 0} whose order in the sense of Govorov-Titchmarsh [1] is less than or equal to
p, p= 0. In 1975, B. Ya. Levin and N. Wen [2] considered the problem of simple free
interpolation in the space [p,o0]* for p > 1. They found the necessary conditions
and sufficient conditions (between which there was a difference) for its solvability
in terms of the canonical Nevanlinna set of interpolation nodes. In addition, it was
additionally assumed that the interpolation nodes have a single condensation point
at infinity (although this also follows from sufficient conditions). The aim of this
paper is to study the interpolation problem in the space [p, co]™ for any p > 0. Let
A ={a,}5°; C C; be a sequence of different complex numbers, A,, = min{1; Sa,}.

Definition. The sequence A is called interpolation sequence in the space [p, oo]*
if for any sequence of complex numbers {b, }°° , satisfying condition

In* In™ |b,,] _ ’ In™ In™ |b,]
sup ——————— o0, msup —————
no In|a,| + 2 oo 0|04

there exist the function F' € [p, 0o|" such that F(a,) =b,, n=1,2,...,
We formulate the main theorem of our investigation.
Theorem. The following two statements are equivalent.
1) The sequence A is interpolation sequence in the space [p, o] ™.
2) Canonical product E(z) of the sequence A satisfies the conditions :

1 1
Wttt <
e -2 T (B an)|As
1

limsup —— In"In" —————— < p.
lalh—oo 1[Gy | £ (an)| Ay

00,
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Example 1. Let D C R* — the domain, defined as following:
D = {2z €eR%0 < |21] <00,0 <o < |z1]7,0< 23 <1}, where 0 < 3 < 2.

Let the function f: D — R3, f(x) = (y1,y2,¥3), where y; = 1, y3 = |xf|"'+1,

ys = w3 (|z1| + 1)1_0‘ and 0 < o < 1.

It is shown [1] that the introduced mapping is a mapping with s-averaged char-
acteristic, so that the studied class off mappings is not empty and not a mapping
with bounded distortion.
Theorem 1. Let the domain D C R", f: D — R", f = (fYL % .., " —a
mapping with s-averaged characteristic such that f* € W} D), e > 0. Let
n -1

a= |1+ (n+e)t=—mn | J1<k<m<n,s>ala—1)"11<i <ip<
k=1

e < Ty, < .

Then f € Wv%m,loc(D); d=n(s(a—1)—a)(s+a)t

Theorem 2. Let D C R" — a domain, f: D — R", f = (fYLf2 . fM —a
mapping with s-averaged characteristic such that f* € W} (D), er >0. Let 1 <

n+eg,loc
-1

n
i1 <ig<.<ip<n,1<k<m<n,s>lLa=|1+> (n+e) ! —mnt
k=1

+€k,loc(

Then f € W, 51,(D), 6 =n(s —1)(a = 1)(s +a—1)"".

In the next theorem we prove that the mappings with s-averaged characteristic
are lower semicontinuous.

Theorem 3. Let D,, C D', m = 0,1,2,..., — bounded domains, |D'| < R <
. Let f,: D — D,, — a sequence of mappings with s-averaged characteristic,
s > (n—1)71, and the sequence {f,,} converges uniformly inside D to a continuous
mapping f, f: D —- R

Then
1/s

KO,s(f) - /Kg(xa f) dam < h_m KO,s(fm)-
D

m—o0

Theorem 4. [2] Let s > nEQ and the mapping f: D — D* is an extremal

mapping in the class K; (D, D*). Then f € Wi(D') for all subdomains D’ such
that J(x, f) > 0 on the closure D’ and D' C D.
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Let the functions p(t) and ¢(t) be given by series

0]

Cn
P =3 >, (1
n=0
0 dn
)= >, &)
n=0
Then the series - .
e
G(t) = n a=Y CFepd,_
( ) HZ_O tn+l ¢ kz:% nCk k

is called the Hurwitz composition of series (1) and (2).

If the functions p(t) and ¢(t) are regular in the domains A and B, respectively
(00 € A, 00 € B), then, according to a well-known theorem of Hurwitz on the addition
of singularities [1], the function G(t) is regular in the connected component of the set
A @ B, which contains a point t = co. Here A® B = (A'+ B')!, A+ B’ =

= U (t1 +t2) and A’ is the complement to the domain to the whole plane.
th€At,eB

The problem of the connection between singular points of functions p(t), ¢(t) and the
singularities of their Hurwitz composition has not been studied much, in contrast to
the analogous question for Hadamard’s composition [1].

In this paper a theorem of this type is proved.

Theorem. Let the functions p(t) and q(t) be regular in the domains A and B,
respectively, containing the half-plane Ret > 0, on the line Ret = 0 there are singular
points of the Hurwitz composition G(t) of the series (1) and (2), t = 0 is only one
singular point of the function p(t) on the line Ret = 0, Red,, > 0 forn = 0,1,2,...

and lim fi¢4n — 1,
n—oo |dnl

Then the point t = 0 is a singular point of the Hurwitz composition G(t) of the
series (1) and (2).
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In this article we study questions of existence, uniqueness and belonging to given
functional class of solutions for the Poisson equation

Au = g(x), (1)

where g(x) € C7(Q2) for any subset 2 CC M, 0 < v < 1 on unbounded open sets of
Riemannian manifold M without boundary.

Let M be an arbitrary smooth connected noncompact Riemannian manifold without
boundary and let { By }72, be an exhaustion of M. Throughout the sequel, we assume
that boundaries OB, are C'-smooth submanifolds.

Let fi; and f5 be arbitrary continuous functions on M, G C M be unbounded set.

Say that f; and fy are equivalent on G and write f; < fo if for some exhaustion
{Br}32, of M we have limy_,o supg g, | f1(2) — fa(z)] = 0.

It is easy to verify that the relation ” ~ 7 is an equivalence which does not depend
on the choice of the exhaustion of the manifold (see also [1, 2]).

Let 2 C M be an arbitrary connected unbounded open set, the boundary of €2 is
a C'l-smooth submanifold and Q # M. If Q) be non compact, then we assume that
B N Q be connected sets for all k.

Let B C M be an arbitrary connected compact subset and the boundary of B is a
C'-smooth submanifold. Assume that the interior of B is non-empty and B C Bj, for
all k.

Denote by vp is the capacity potential of the compact set B relative to the manifold
M, s.e. vp is the harmonic function in M \ B which satisfies to conditions 0 < vg <

1, vglyp = 1. The manifold M is called A-strict manifold if for some compact set

B C M there is an capacity potential vg such that vg ~ 0 (see |1, 2]).
A continuous function f on M (on 2, resp.) is called admissible on M (on €, resp.)

for equation (1) if there is a solution of this equation on M (on €, resp.) such that
M G

un~ f(u~ f,resp.).
We now formulate the main result.
Theorem. Let M be a A-strict manifold, {2 C M be an unbounded open set with

Cl-smooth boundary 0%, f be an admissible continuous on € function and ¢ be a
continuous on 0f) function such that ¢ 2% f. Then there exists unique solution u of

equation (1) on € such that u|gpg = ¢ and u % f
We remark that similar result for harmonic function was established early in [2].
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This abstract is based on the joint work with Dr. N.A. Evseev on the same topic.
In recent years spaces of Banach-valued functions are intensively studied, for
example spaces L, (€2, X). If instead of one Banach space X one consider a family

of spaces { X, }weq, then we come to the concept of L,-direct integral (fﬁ Xy d,u)L

(see [1,2]). It refer us to some classical types of functional spaces, for example mixed
norm Lebesgue spaces. In this paper we study the boundedness of operators acting
from one L,-direct integral to another.

Let (T, i), (S,v) is a measurable space and {W, }ier, {V;}ses are associated with
this spaces families of Banach spaces. Next, let F* C ST, (F, \) also is a measurable
space. Further we define on F' operator-valued function P(s,t) : Wy — V; . Each
of the operators P(s,t) is linear and bounded. Function P induces an operator

o
My - (th du>L = (fﬁvsdu)L by the rule Mg|f](s,t) = P(s,t)[f(t)]. Note
T P q
that the operator of this type is a generalization of the concept of decomposable
operators.
The main result is the following theorem:
Theorem 1. Let )\ is absolutely continuous with respect to i X v, then operator

My is bounded if and only if
[P (s, )|l - Ju(s,t) € Lyg(F),

where J(s,t) = d/jliy — Radon-Nikodym derivative of measure A\ with respect to

pux v, L (F) — mixed norm Lebesgue space.

If we are going to vary the set ' and operators P(s,t) then we can have a signif-
icant impact on the character of the operator Mp. In particular, if F' is the graph
of a mapping ¢ : 2 = Q (Q C T x X, QY C S xY) and operators P(s,t) are
composition operators, we obtain the next result:

Theorem 2. Measurable mapping ¢ : Q0 — ' of the form ¢(t,z) = (p1(t), pa(t, z))
induce a bounded composition operator Cy, : Ly, ,,()) — Lg, 4,(2), if and only if

1

i a2 /
J@fl(S)Jgpgl(S’ y) € L mar poa (Q )

P1—91°P2—92

The same result for the case of the operator Cy, : Ly ,, () — Ly, ,,(2) was
obtained in recent work [3].
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2 Moskovskaya st., Krasnodar 350072, Russia
E-mail: terentevauv@gmail.com

E. A. Shcherbakov
Kuban State University
149 Stavropolskaya st., Krasnodar 350040, Russia
E-mail: echt@math.kubsu.ru

Let By ={z € C:|z| <1}, ' — boundary arc of the circle By,
Fg={z€ 0B, :argz <argz < argz},z,2 € 0By,

arg zo < arg 2y, arg z; — arg zo < 27.

Lemma. Let dist (z,1g) — distance from point z € C to arc 'y, d (2) — a non-
negative continuous function in C , that vanishes in Iy, positive in C\I'y, satisfying
the conditions

1 _
d(Z) =d (—> ,VZ € Bl,
z
there exist constants o € (0;1), ¢1, 2, 0 < ¢1 < ¢a, such that

crdist® (z,19) < d(z) < codist™ (z,Ty),

z € By, belonging to some neighborhood I'y. Then d (z) belongs to the Mackenhoupt
class Ay (C) [1].

Co-authors obtained result was used in [2] to obtain improved properties of in-
tegrability of derivatives of a certain class of quasiconformal mappings, which are
solutions of the conjugate (nonlinear) Beltrami equation.
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Continuation of Multiple Power Series in a Sectorial Domain by Means of

Interpolating the Coefficients by Meromorphic Function !
A. J. Mkrtchyan
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E-mail: Alex07080@bk.ru

For multiple power series centered at the origin we consider the problem of its
analytic continuability to a sectorial domain. The condition for continuability is for-
mulated in terms of a meromorphic function that interpolates the series coefficients.
For series in one variable this problem has been studied in works of E. Lindelof,
N. Arakelian, and others.

Consider a multiple power series

= Z szkv (1)

keNn
where 2* = zflzﬁn We say that a function ¢(C) interpolates the coefficients of the
series (1), if
o(k) = fr for all ke N"cC C".

The complex variables (; we write as CJ = fj +1n;, thus £ is a vector of the real
subspace of C", and 7 is a vector of the imaginary subspace.

We assume that on the i imaginary subspace the interpolating function ¢ admits the
estimate |p(in)| < g(n) with the piece-wise affine function

= ng\a%n1+...+amn+a&\. (2)

m=1

Together with g(n) we consider a piece-wise linear function

p n
= emlagm+ o+ apna| + 7> (0 — Iml), e = £1
m=1 k=1

that has non-smooth points (points where linearly breaks) on the set of hyperplanes

arm+...+a'n, =0 m=1,...pand =0, k=1,...n

These hyperplanes divide R" into cones that form a fan. Denote by 44, ..., =4 the
one-dimensional generators of this fan. They define the dual (to the fan) polyhedron

P={aeR": (u,a)>g(£w)}, v=1,...d.

Theorem Let a meromorphic function ¢, that does not have poles in R +1R",
interpolate the coefficients of the series (1). If ¢ has a majorant (2) on the imaginary
subspace and there exists 6 > 0 and b € R such that on R} +iR" the function ¢
satisfies

log |¢(re?)| < Z ((m —0)|sinb;| 4+ bcosb;) r; + C.
j=1

Then the sum of the series extends analytically into the sectorial domain Arg=t(P°),
where P° is the interior of the polyhedron P.

!The research for this work was carried out in Siberian Federal University and was supported by
grant of the Ministry of Education and Science of the Russian Federation N 1.2604.2017/PCh.
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On a boundary correspondence for homeomorphisms with weighted
bounded (p, q)-distortion !
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The problem of the boundary correspondence for conformal mappings is a classical
result of Carathéodory and is known as the theory of Carathéodory prime ends. In
the last century, the theory of the boundary correspondence in the context of classical
function theory, as well for quasiconformal mappings, was thoroughly developed by
Suvorov, Zorich, Nakki, Vaisala, etc.

In this talk, the authors consider the boundary correspondence problem for map-
pings with (6, o)-weighted bounded (p, ¢)-distortion, introduced in [1,2]. These map-
pings generalize mappings with bounded distortion (quasiregular mappings). In [3]
it was observed that homeomorphisms f: D — D’ with (6, 0)-weighted bounded
(p, q)-distortion, where n — 1 < ¢ < p < 00, induce bounded composition operators
f L;)(D’ ,O) — L}](D, 6) of weighted Sobolev spaces if weight functions 6 and o are
in Muckenhoupt classes A, and A,, respectively.

The idea for introducing “new boundary elements” is based on application of
capacity metric, as discussed in [2]. The completion by this metric adds improper
‘boundary’ elements to the domain. That is, the set of boundary elements forms an
assoctated boundary. If a homeomorphism induces a bounded composition operator
on Sobolev spaces, then the inverse homeomorphism is Lipschitz in the capacity
metric. Hence, it has a continuous extension onto the associated boundary. Based
on these ideas, we prove that an inverse mapping to a homeomorphism f: D — D’
with (0, o)-weighted bounded (p, ¢)-distortion, where n — 1 < ¢ < p < n, has a
continuous extension on the Euclidean boundary if the domains D and D’ are locally
connected on the boundaries and the support of any boundary element consists of
only one point.
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Composition operators on discrete Hardy spaces of a tree
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(A joint work with Prof. S. Ponnusamy)

The study of composition operators on various analytic function spaces defined
on the open unit disk is well-known. Recently, Colonna et al. defined the Lipschitz
space of a infinite tree as discrete analogue of classical Bloch space and study the
composition operator on them. Since infinite trees are widely regarded as discrete
version of Hyperbolic disk in complex plane, studying composition operators on trees
becomes interesting and it opens up the door for studying composition operators
from analytic function spaces to discrete function spaces.

We have defined a discrete analogue of generalized Hardy spaces on a homoge-
neous rooted tree and studied the basic properties such as boundedness and com-
pactness of composition operators on them. Also, we calculated the operator norm
of the composition operator when the inducing symbol is an automorphism of a
homogenous tree.

In this presentation, we first recall some basic issues concerning composition oper-
ators on Lipschitz space of a infinite tree graph and we continue the discussion about
composition operators on the discrete analogue of Hardy spaces. We mainly discuss
some necessary and sufficient condition on the symbol ¢ so that the composition
operator Cy induced by ¢ is bounded and compact operator.
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Extended Exton’s Triple Hypergeometric Functions Xz, and Associated
Bounding Inequalities
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Motivated by certain recent extensions of the Euler’s beta, Gauss’s hypergeomet-
ric and confluent hypergeometric functions [1], we extend Exton’s triple hypergeo-
metric function Xg, by making use one additional parameter in the integrand. Sys-
tematic investigation of its properties, among others various integral representations
of Euler and Laplace type, Mellin transforms, Laguerre polynomial representation,
transformation formulee and a recurrence relation follow. Also, by virtue of Luke’s
bounds for hypergeometric functions and various bounds upon the Bessel functions
appearing in the kernels of the newly established integral representations we deduce
a set of bounding inequalities for the extended Srivastava’s triple hypergeometric
function Xsg .
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On the quasiconformal geometry of the Neumann eigenvalue problem!
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We study spectral properties of the Neumann-Laplace operator in the terms of
the quasiconformal geometry of domains using the notion of quasiconformal regular
domains [1]. This class of domains includes Lipschitz domains, star-shaped domains
and some fractal domains (snowflakes).

Our machinery is based on the geometric theory of composition operators on
Sobolev spaces [2]. This study leads to the lower estimates of the first non-trivial
Neumann eigenvalues in the terms of derivatives of quasiconformal mappings, be-
cause there exists connection between composition operators on Sobolev spaces and
the quasiconformal mappings theory [3].

The main result is

Theorem 1. Let Q C R? be a K-quasiconformal B-regular domain. Then the
spectrum of the Neumann—Laplace operator in §Q is discrete, and can be written in
the form of a non-decreasing sequence:

0= po(R2) <) < pe() <... < () <y

and

Y

261
| AK (28 — 1) R
< J, | Lg(D
s S (por) | el
where ¢ : D — Q is the K-quasiconformal mapping and J,(x,y) is a Jacobian of
mapping ¢ at a point (z,y).
(With joint Vladimir Gol’dshtein and Alexander Ukhlov).
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The Method Of Modules Of Curves Families In Problems On The
Extremal Decomposition’

E. G. Prilepkina
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We extend a classical result by Lavrent’ev concerning the product of the conformal
radii of planar non-overlapping domains to the case of domains in the n-dimensional
Euclidean space. The conformal radius is then replaced by the n-harmonic Levit-
skii radius [1] and the non-overlapping condition is replaced by a weaker geometric
condition. The proofs are based on the technique of modulii of curve families. Con-
formal invariance of the module plays an important role in the proofs. Using the
same method, we extend a classical result of Kufarev concerning the product of the
conformal radii of planar non-overlapping domains in the unit disk. In addition, an
inequality for n-harmonic radius of a star-shaped domain has been proved [2]. For
example, we have

Theorem. Let Dy, Dy be domains in R", a1 € Dy as € Dy and Dy U Dy contains
no curves

tvlas — ar| + as — aq

x(t) = a1 + lay — ai*, 0<t< o0,

[tv|ag — a1| + as — a1 |?
Then
R,(D1,a1) - Ry(Ds,as) < |ay — as|?.

Here v is fixed vector, |v| =1, R,(D;,a;) is n-harmonic radius, i = 1, 2.
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(p,w)-equivalent sets on a Riemann surface
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Let R be a Riemann surface glued from finitely or countably many domains in the
extended complex plane C' = C' U {oco} so that the following conditions are satisfied:
each point in R projects onto a point w = pr W in one on the glued domains; each
point in R has a neighbourhood which is univalent disk or multivalent disk with the
unique branch point at the centre of the disk.

The operation of projection W — prWW = w induces the Lebesgue 2-dimensional

measure o, the Hausdorff 1-dimensional measure H', the Euclidean metric ds and the
spherical metric dh on R (see [1]).

Let G be an open set in R such that G is a compact in R. Set R, = {W € R :
prtW = oo}, Ry = {W € R : W is a ramification point}. Denoted by D, (G) the
class of functions u which are continuous in G and are locally Lipschitz in G and are
constant in some neighborhood of each point of G N (Roo U Rb) for which

1

G = (/|u\pwda)3’ - ( / uff wio)” < oo,
G

G\(Roo URb)

el = [l

where w : R — (0, +00) satisfies the A,-condition of Muokenhoupt on R (see [2]).
The closure of D,,,(G) in the norm || - || is denoted L) ,(G).

Let E C G - relatively closed set in G such that F N (R URy) = 0 and for
each point X € F there exists a univalent neighborhood O(X), for which closure

pr(O(X)NE) is a NCp-set on R? (see [3]), then E is called a NC-set in G.

Let D — be an open set in R, not necessarily with a compact closure in R. Two open
sets Dy and D (D; C D) will be called (p,w)-equivalent, if the restriction operator

91: L,.(D) 1—> L,.(D1) (0u=u|p,,ue L) (D)) is an isomorphism of vector spaces
L, (D)n L, (D).

Theorem In order for the open sets D, D; C R, where Dy C D,
(D\ D1)N (R URy) = 0 be (p,w)-equivalent on R, it is necessary and sufficient that
the D\ Dy be NC, -set on D.
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On the Carleman formula for a matrix ball of the third type
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Let C[m x m] be the space of [m x m] matrices with complex elements. The

direct product of n instances of C[m x m] is denoted by C" [m x m].
The set

By, ={Z = (21, ..., Zy) € C"lm x m] : I™ —(Z,Z) > 0},

where (Z,7) = Z1 7} + ZoZ5 + -+« + Z,Z" is the jjscalarj, product I is the unit
[m x m] matrix Z,* = Z/ is the matrix conjugate and transposed to Z,, v =
1,2,...,n, is called a matrix ball (of the first type) (see [1]). Here I™ — (Z,Z) > 0
means that the Hermitian matrix is positive definite; all eigenvalues are positive.

The matrix ball Br(,?)n of the third type (see [4]):
Br(s)n = {Z:(Zl, o Zp) €C mxm] : I +(Z,2) >0, Z,=—2,, v=1, ,n}

We denote the boundary of the Shilov boundary by the matrix ball Bﬁ)n by Xy(,i)n,
that is,

X$), = {Zz(Zl, 7o) €C [mxm] : 1™ 4 (2, 2) =0, 7, = 7, v=1, n}

The objective of this paper is to construct the Carleman formula for functions of
the class H' (st)n)
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Removability results for subharmonic functions, for harmonic functions
and for holomorphic functions
J. Ruthentaus
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Blanchet has shown that a C? subharmonic function can be extended through a C!
hypersurface provided the function is continuous throughout and satisfies a certain
Cl-type continuity condition on the exceptional hypersurface. Later we improved
Blanchet’s result, at least in a certain sense, measuring the exceptional set with
the aid of Hausdorff measure. With the aid of this result, we gave certain exten-
sion results for harmonic and for holomorphic functions, related to Besicovitch’s
and Shiffman’s well-known extension results, at least in some sense. Now we return
to this subject. First, we refine our subharmonic function extension result slightly
still more. Though our result might be considered a little bit technical and even
complicated, it is, nevertheless, flexible. Second and as an example of its flexibil-
ity, we give, among others and as a corollary, a new concise extension result for
subharmonic functions:

Corollary. Suppose that ) is a domain in R", n > 2. Let E C €2 be closed in €2 and

let H" 1 (E) =0. Let u : 2\ E — R be subharmonic and such that the following
conditions hold:

(Jue Ll (Q), (i)ueCQ\E), (i) for each j, 1 < j <n, T4e £l (Q).
J

022
Then u has a subharmonic extension to §).

Moreover and with the aid of our subharmonic extension result, we slightly im-
prove our previous extension results for harmonic and for holomorphic functions
given in [8,9]. In addition, we recall a slightly related extension result for holomor-
phic functions.
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Comparable functionals of convex domains'
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Let G be a convex plane domain. Denote by P(G) a torsional rigidity of a domain,
by 1,(G) p-order Euclidean moment of G with respect to its boundary, and by p(G)
the inradius of G, i. e. p(G) :=sup {p(z,G) : x € G}, where p(z, ) is the distance
function a point x to the boundary 0G.

Theorem. Functionals P(G) and L,(G)p(G)*™? (p > —1) are comparable quan-
tities in the class of convex domains in a sense of Pélya and Szego.

In the report we will show estimates of the exact constants of the ratios of function-
als as a function of p. Also we will present generalized inequalities with additional
term. We note that in [1] was proved the same assertion in the class of simply
connected domains, but only with p = 2.
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Riemann - Hilbert boundary value problem with several points of
turbulence !
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Let D be the unit disk in the complex plane z = re’, L = 0D. We consider the
Riemann—Hilbert boundary-value problem for analytic functions ®(¢) with boundary
condition

OB ()] = c(t) b= of

Rle " O0(1)] = G, 1=
here the set function G(t) # 0 and |G(t)| satisfies the Holder condition at all points
of L, and function v(6) = arg G(t), t = €?, satisfies the Holder condition at all points
of L except finite number of points ¢;, j = 1, n, where it has essential discontinuities.
Thus, the problem under consideration belongs to boundary-value problems with

undefined index.
We assume that for ¢t = e there is valid representation

n Vﬂsin((ﬁ—ej)/Q)rpj, 0<0 <0,
n0) =S O) +50), o) ={ -
=1 v | sin((0 —0;)/2)77, 0; <0 <2,
where 1/;?, v; , pj are known values, 0 < p; < 1, and function v(6) satisfies the Holder

condition on [0, 27]. The function () satisfies inequality

v(2m) = 2(0) = Y (v; — vj)|sin(6;/2)| "

J=1

We obtained formulas for its general solution, investigate existence and uniqueness
of solutions, and describe the set of solutions in the case of non-uniqueness.
The given work continues the researches published in our article [1].
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On Yamashita’s conjecture for some classes of univalent functions
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Abstract: Let f(z) be a function analytic in the unit disk D. For 0 < r < 1, we
denote by A(r, f), the area of the image of the subdisk D, = {z : |2| < r} under

f(z) =>2,"yapz". Thus,

// I/ (2 —WZn\anF dedy (2 = x + iy).

Computing this area is known as the area problem for the function of type f. We call
f a Dirichlet-finite function if A(1, f), the area covered by the mapping z — f(z)
for |z| < 1, is finite, and in this case, we say that f has finite Dirichlet integral. In
1990, Yamashita conjectured that A(r, z/f) < 7r? for convex functions f and it was
finally settled in 2013 by Obradovi¢ et al.

Denote by F a subclass of the class of normalized univalent and analytic functions
in D. In this talk, we present the extremal problem for the Yamashita functional

max A (7", ﬁ)

when f € F. In particular, this discussion includes the solution of the Yamashita
conjecture for the class S*(A, B) defined by a subordination relation, which was
suggested in [2] and partially it is solved in [3].

This talk is based on the following references.
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On doubling formula for Gamma function. !
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One considers the following functional equations for functions f(z) of complex
variable defined over the unit interval (0, 1):

()12 (o) o (o 52) e

The equations of this type for functions of real variable were first time investigated
by E. Artin [1] in connection with characterization of Gamma function by Legen-
dre doubling and Gauss multiplication formulas. Bernoulli polynomial satisfy these
equations for every natural ¢ and negative integral .. For natural o > 1 these equa-

tions has as a solution so called polygamma function ¢(®(2) (where 1)(z) denotes

the logariphmic derivative of the Gamma function)
Theorem 1. Every meromorphic function, satisfying the functional equation

z z 1
e T R 16}
f(2)+f<2+2> /)
for a natural o > 1, is a linear combination of the polygamma function @D(o‘_l)(z)

and its complement ¥~V (1 — 2).
Theorem 2. The general solution of the functional equation

1) (1) =20

for meromorphic functions is

actg(mz) +b

where a and b are arbitrary constant.
Theorem 3. Gamma function is the only meromorphic function satisfying Leg-

endre equation:
2 z 1 VT
(=) (=+=)= r
(2) (2+2) g1l (2)

and such that T'(1) = 1.
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Early we had considered equilibrium of pending axisymmetrical drop taking into
account flexural rigidity of its intermediate layer. We consider now the same problem
for the drops lacking axial symmetry. First of all, we prove that any continuously
differentiable surface with positively determined first quadratic form admits almost
global half-geodesic parameterization. In the general setting this problem stands
to be open. In order to prove this result we reduce it to the problem of existence
of generalized solution of non-linear Beltrami equation. This equation admits de-
generation on unknown set with unknown velocity. Using quasiconformal mappings
corresponding to linear Beltrami equations approximating non-linear one we con-
struct its generalized solution, which permits to detect non-intersecting geodesic
lines covering surface up to the set of null Hausdorff measure. On the basis of
this result we deduce general form of the functional defined on continuously differ-
entiable surfaces whose first variation yields their Gauss curvature and which is a
generalization of the similar functional defined earlier by first of the authors in the
axisymmetrical case. Variational problem is formulated and its solvability proved.
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The problem of spectral synthesis in spaces of analitical functions is closely related
with solution of the homogeneous convolution equations [1]. Here we describe appear-
ance of the equations. Let €2y, {2 be the 1-connected domains given on the complex plane
C and let U be an open disk with origin as a centre. Suppose that Qy+U C €2 and that
spaces of analitical functions O(€), O(U), O(£2) and O(C) are equipped with topology

of uniform convergence on compact sets. The translation operator T}, : f(z) — f(z+h)

(Where h € U is shift) takes on space O(2) to space O(€)y) and it is continuous. The
operator T} naturally equals to differential operator

P f(E) Y D))

This operator’s characteristic function is equal to €™, that is
Th(e)\z) _ e)\zeh)\‘
We choose continuous linear operator A, which acts on space of entire functions

O(C). The differential operator (which is denoted by AT},) is termed A-shift operator

if it acts on O(Q) to O(£) and it is continuous. A(e™) is characteristic function of
this operator. And so for A-shift operator AT} we have

ATy, () = e A(e™).

Choose arbitrary A-shift operator AT}, function f € O(2) and continuous linear

functional S on space O(€)). There is the function ¢(h) := (S, AT}, (f)) which we call
A-convolution of function f and functional S. For fixed S and U there is the operator
f — (S, ATy(f)) which we call A-convolution operator, if it acts on O(Q2) to O(U)
and is continuous. Exponential polynomials

are solutions of homogeneous A-convolution equation We denominate these elementary
solutions of this equation.

In the report we will consider sufficient conditions for approximation theorem: Let €)
be a convex domain. An arbitrary solution f of homogeneous A-convolution equation
can be approximated with its elementary solutions in topology of space O(€2).
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BV-Functions and the weighted modules and capacities on a Riemann
surface
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Let R be a Riemann surface glued from finitely or countably many domains in the
extended complex plane C = C U {oo} so that the following conditions are satisfied:
each point in R projects onto a point w = pr W in one on the glued domains; each
point in R has a neighbourhood which is univalent disk or multivalent disk with the
unique branch point at the centre of the disk.

We study elementary properties of functions of bounded variation and sets of finite
perimeter in an open set @ C R\ K, where K = {W € R : W is a branch point or
pr W = oo}.

Further, using Ziemer’s technique, we obtain the main result

Cp’w(FO’ Fl’ G)l/qu,OJl*q(F()) Fl) G)l/q - 1

Here p € (1;400) and ]l) + % = 1; w is a weight in the Muckenhoupt A, class on
R (see [1]); G is an open set with the compact closure on R; Fy and F} are disjoint
compact sets in the closure of G; C,.,(Fy, F1, G) is the (p,w)-capacity of a condenser
(Fo, F1, G) (see [1]), M, 1-(Fo, F1, G) is the (g, w'™?)-module of the family of all sets
that separate F{ from F} in G and do not intersect with K.
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This is a study of the asymptotic behavior of harmonic functions on model Rie-
mannian manifolds with compact boundary.

Consider a Riemannian manifold of the type M = BU D, where B is precompact
with non-empty interior, and D is isometric to the direct product [rg; +00) x S

(where g > 0, S - closed Riemannian manifold) with metric
ds* = dr* + g*(r)do>.

Here g(r) is positive, smooth and monotonic function on [rg; +00); d6? is a metric
on S

Define .
dt
J = / / g 3(2) dz.
, g (1) , (2)

In paper of Losev A.G. was proved the following statement.
Theorem 1 [1]. Let the manifold D be such that J < co. Then for any functions

¢ (0) € C(S) and ¢ (0) € C(5), a unique function u (r,0) harmonic on D is exist,

such that
u (TOD 9) - ¢ (0)
and '
Lim flu(r,0) = ¢ (0)llc(pp(y) = 0-

This is a classical formulation of the Dirichlet problem, but in a number of studies
the asymptotic behavior of not only harmonic functions, but also their derivatives,
is studied. Some of these issues are described in the classical literature, for example
in Mikhlin’s book “Linear Partial Differential Equations” [2]. There is a natural

interest in obtaining a similar result in the C*.

In this paper were found conditions for the unique solvability of the following
problem.

Theorem 2. Let the manifold D be such that J < oo and g (r) > 0. Then
for any functions ¢ (6) € C*™(S) and ¢ (f) € C*(S), a unique function u (r,0)
harmonic on D is exist, such that

u(ro,0) = ¢ (0)

lim [lu(r, ) — ¥ (0)||cr(pp(r)) = 0-

r—00

and
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On integral representation formula via the heat kernal
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Let ¢ € R and x € R". We define £ = 9; — A, where A = 21182 Let T' > 0 be

a fixed number. Consider a function u(t,x), t € [0,T), z € R™. The classical result
[1, chpt 6, §1, (9)] is as follows:

Proposition. Let u € C1?(0 <t < T)NC(0 <t < t) be a bounded in the strip
{0 < t < T} function such that Lu is also a bounded function in the same strip
{0 <t <T}. Then for any point (t,z) € (0,T) x R" we have

u(t,x) = /n uw(0,U(t,x — &)dé + /Ot . Lu(r,)U(t — 1,2 — &)dE. (1)

Here

exp(—g) )
U(t,m)={ evmy o 120
0, t <0.

is the standard heat kernel.

The assumption on smoothness and boundedness in the proposition, unfortu-
nately, are too heavy for the proposition to be directly applicable in some cases. For
example, the standard bootstrapping argument for the classical Burgers equation

— Au = uu, to obtain smoothness properties of solutions for merely bounded
initial states [2], needs an extra justifications. Therefore it is natural to relax as-
sumptions in the proposition above.

Let a continuous function w : (0,7") x R" satisfy the following conditions

1. The Sobolev partial derivatives g;‘, g;f a 3

and

space;

DO

f() esssup | Lul|dt < oo;
reR”

3. Jup € L, (R") s.t. ug = lim u(t,-); in the sense of Lj (R");

t—0+

4. 3C < 400 s.t. Vog € R" we have [ |ug(z)|dz < C’exp('m0| );
|x—x0|<1
5. there exists a nonnegative function ¢ : (0,7) — R with a finite integral
fo t)dt < oo, such that Vzy € R" we have | [ Ju(t,x)|de < c(t) exp(‘xo‘ ).
r—xo|<1
Theorem. Under assumptions 1. — 5. the integral representation (1) holds true.
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On the degree of convergence of Hermite — Padé approximants
of Mittag — Leffler functions !
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Consider a set of integer functions

. R v
Fi(z) = 1Fi(1, 7 \j2) :Z—sz, ji=1,2,... k, (1)

=0 Vp
where v € (C\{O —1,-2,...}, (7)o = 1, (7)p =7v(y+1)...(v+p—1)— Pochhammer
symbol, {\; } —roots of equation \¥ = 1. We can easily notice that the functions

(1) it Mittag— Leffler functions. For vector-function F ={F}(2),F2(2),..., Fl(2)}

uniquely defined (see [1]) rational fractions (they are called diagonal type II Her-
mite — Padé approximants)

- . - P (2)
o (2) = (2 F) = R =12,k
kn,k kn,k Y Can(Z)
Polynomials Qp,,(2), P,‘gn(z) ,J=1,2,... k; deg Qp, < kn, deg P,gn < kn, which are
in the numerator and denominator of the fraction ﬂin’kn(z), satisfy the condition

Qin(2)F(2) — Pl (2) = AgzMtntt g

: —
In [1] was proved that for n — +o0 the fractions 7y, ;,,(2; F,) uniformly converge to

Fg (2) on compact set in C. The following theorem described degree of this converge

and thus complement the result obtained earlier by other authors (see [1]-[4]).
Theorem. For any fixed z and n — +00

j ' = n Y—1yn
FI(2) = (2 F) = (1) 2] 7 X/ By x

kn+n+1 k

><Z eAj(l_xO)ZG%Z (1+O(1/n))7 ] = 1,2,...,k,
(7)kn+n
where n
. k
2= e 2~ o (i)

References

1. Aptekarev A.I. Convergence of rational approrimations to a set of exponential
functions // Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1981. No 1. P. 68--74.

2. De Bruin M.G. Convergence of the Padé table for 1Fi(1;¢,x) // K. Nederl. Akad.
Wetensch. 1976. V. 79. P. 408-418.

3. Braess D. On the conjecture of Meinardus on rational approximation of e*]11 //
J. Approx. Theory. 1984. V. 40, No 4. P. 375-379.

4. Sidortsov M.V., Drapeza A.A., Starovoitov A.P. Asymptotics of Hermite — Padé
degenerate hypergeometric functions // Problems of physics, mathematics and tech-
nics. 2017. No 2(31). P. 69-74.

!This work was supported by Ministry of education of the Republic of Belarus.

101



INTERNATIONAL CONFERENCE
"COMPLEX ANALYSIS AND ITS APPLICATIONS"

MSC 65N80.
VIIK 519.6.
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1

We consider the Dirichlet problem for the Helmholtz equation:
{ Au+ku=08Q,
— ¥ € Ly(0 )
u‘ oo = # € L2(00Q)

where k is a positive constant, () C R" is a bounded domain with Lyapunov boundary.
Let £ :R"™\ {0} — C be a fundamental solution of the Helmholtz equation.

Definition 1. Let {zl} be a countable subset of the set R" \ Q. The set of
functions w;(z) = E(x Z) i = 1,00 is called a fundamental solutions set with
respect to the set of singular points {zz};’il

We are looking for an approximate solution of the following form u™ = >N  ¢Nuw;.

Here the coefficients ¢ € C,i = 1, N can be found from the problem of minimizing
the function F(c), .. Hap SV N

fundamental solutions method
Fundamental solutions method converges for any boundary condition ¢ if and only
if the fundamental solutions set {w; };°; is complete in L9(9Q)). The existence of such
fundamental solutions sets was first shown in the works of V. D. Kupradze, see, e.g. [1].
Definition 2. A set A C R"\ Q is called a uniqueness set for a single-layer potential
if the validity of identity

. This approach is known as
Nl,00)

| p)Bw—)ay =0
oQ

for all x € A implies its validity for all z € R™ \ Q.

In this paper we show that a fundamental solutions set {w;}:2; is complete if and
only if the singular points set {z;}5°; is the uniqueness set of a smgle layer potential
for the Helmholtz equation.

A number of simple sufficient conditions of completeness similar to those obtained
in [2, 3] for the Laplace equation are given.
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Let Qp, Q be convex domains on the complex plane C and for ¢ > 0 let U. = {2z :
|z| < €} be a disc. Choose arbitrary ¢ € N and let ao, ...,a,—1 be set of complex
numbers which are not all equal to zero. And so w, = exp %.

Assume that A is a continuous linear operator which acts on O(C) and g(\) —
Sl arg(whA) ; AT}, is a continuous linear operator which acts on O(£2) to O(€)
and f(2) — Y00 apf(z + wih). We call AT}, : O(2) — O() q-sided shift operator
(h € U. is a shift).

Choose arbitrary g¢-sided shift operator AT}, : O(2) — O(£), function f € O(Q)
and continuous linear functional S which acts on O(€). We call 14(h) := (S, AT(f))
q-sided convolution of function f and functional S. For fixed S and ¢ linear operator
f—=va(h) = (S, AT} (f)) is termed g-sided convolution operator.

g-sided convolution operator acts on O(2) to O(U.) and it is continuous. Moreover
f — (S, AT,(f)) and D? are commutative. The kernel Wy of g-sided convolution
operator f — (S, AT, (f)) is a closed Di-invariant subspace of O(2) [1].

An equation of form

(5, ATy(f)) =0, f € O(Q),

is termed homogeneous q-sided convolution equation. This equation’s space of solutions
Wyg is a Di-invariant subspace of O(€2).

We call exponential polynomial an elementary solution if it satisfies (1). Function
©(A) := (S, exp A\z) is termed characteristic function of S. This function is an entire
function. And it is of exponential type.

Proposition. If \j is a zero of function ¢(\) and its multiplicity equals n exponen-
tial polynomials

exp N2, Z€Xp Aoz, ..., 2" L exp Aoz

and arbitrary linear combinations of them are elementary solutions of equation (1).
This proposition gives just a part of all the equation’s (1) elementary solutions. In
the report we will describe the set of equation’s (1) solutions.
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This property will allow us to obtain an estimate for the rate of uniform conver-
gence to the exact solution. We shall also make use of the following polynomial

characteristics of a domain 2 C R":
1/2
( [IVP? dx)
Ay = inf ~2

PVl sup VP

where the infinum is taken over all polynomials of degree at most N in each variable.
It is clear that 0 < Ay < 1. We shall estimate the rate of convergence of Ay to zero
as N — oo. We note, that this characteristic of the domain is used in estimating
the rate of convergence of polynomial solutions of the minimal surface equation. We
have obtained the lower bound for Ay in the case when is a cube with side a > 0.
We observe that this estimate is independent of the size of cube.

1 /Wn
AN > 1
N Z on+1 2n/2NnW’ ( )

which made it possible to estimate the value Ay for domain €2, we shall assume that
A(Q) > 0, where

A(Q) = inf a(z)

2p€S)
and a(zp) is defined as follows: for each 2y € 2 there exists a maximal cube K (zy) C
2, with sides not necessarily parallel to the axes such that zy € K(z). Let the
side of the cube be a(z). Suppose that we are given a domain Q € R*. We denote
by B(€2) € (0,7/2], an angle such that each point 2y of the domain is contained
in the parallelepiped R C  with an acute angle 5(2). For each zy € Q we find

a parallelepiped R C Q with maximal side such that zy € D. Let the side of this
parallelepiped h(zp) > 0. We let

H(2) = inf h(zy) > 0.

20€S2
Arguing as [1], we obtain the inequality:

Theorem. Let a bounded domain Q C R® be such that H(Q)) > 0 and 5(2) > 0.
Then the following estimate

Ay > \/7 H(Q)cosp
~ VIl 96v/3N3/1 + 2sin? 3
holds true.
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In the view of membrane theory of convex shells [1] the next problem is under
consideration. Let .S be a simply connected median surface of the thin elastic shell.

Let S be an interior part of the ovaloid Sy € W3, p > 2, of strictly positive Gaussian
curvature. The boundary L = 05 is piecewise-smooth, contains the corner points

c;j, and consisting with finitely many arcs L; € Cl¥, 0<e<l,j=12..,n
We study the realization problem of the momentless stressed balance of this thin
shell. Let us introduce the following notation: J is the mapping of the surface S
to the complex plane C = u! + iu® defined by the choice of a conjugate isometric

parametrization (u',u?) on the surface S, D = J(S) is a bonded domain in the (-

plane with boundary I' = J(L). I contains the corner points ¢; = .J(¢;). By [1] our
boundary value problem is reduced to finding in D a generalized analytic function
Q(¢) satisfying the boundary condition

Re{[s(C) +is* (OB () +it*(€)) — a(Q)(s'(Q) +is* ()]} = 9(¢), (1)

where ¢ € T, s* k = 1,2, are the coordinates of the tangent to I' unitary vector,
k. k = 1,2, are the coordinates of unitary vector ¢ of ¢ direction on the plane, being
the J - image of 7 direction on the surface Sy orthogonal L. Here a(¢), 5(¢), g(¢)
are real functions of the Holder class on each of the arcs I';, admitting discontinuities
of the first kind at the points ;. The conditions o*(¢) + 8*(¢) = 1, B(¢) > 0, are
satisfied on I';.

Some interesting classes of surfaces (symmetric domes) and families of pairs of
functions (a((), 8(C)) are found. For these classes index s of the boundary condition

(1) is calculated by formula s = —4+ > fi(0, a, B) where f, are piecewise constant
k=0

integral valued functions taking values in [—2;3], 6, is the value of the internal

angle at the point (. Further, according to the scheme of [2], a criterion of quasi

correctness of the main boundary value problem for such surfaces is obtained in the

geometric form.
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The paper is devoted to the problems of existence of positive solutions of the
stationary Ginzburg-Landau equation on Lipschitz manifolds of a special type. Let
us describe them in more detail.
We consider the Lipschitz manifold M, that is isometric to the direct product
R, x S (where Ry = (0,+00), and S is a compact Lipschitz manifold without
boundary) with the metric:

ds® = dr® + g*(r)db?

Here ¢ is a Lipschitz continuous, nondecreasing positive function on R,. Suppose
also that n = dim M,.
We consider the stationary case of the well-known Ginzburg-Landau equation on

M,

—Au = c(x)f(u), (1)
where f(0) = f(a) = 0 for some a > 0, f(u) > 0 on (0,a) and f(u) < 0 on
(a,+00), ¢(x) is a positive function.

As the solution of equation (1) on M, we consider a Lipschitz continuous function

u such that for any set Q2 C M, and for any positive function ¢(z) € C} () satisfies
the equation

/Vu Vo dr = /c(x)f(u) o(x) dz,
) Q
where Vu is the gradient of u.
Let 0 < ¢; < ¢(z) < ¢a < 00, f(s) is a Lipschitz continuous on [0, a]. Then the
following statement is true.
Theorem 1. Let the following conditions be satisfied.
1. There exists a constant ¢ > 1 for which

2p q—1
[ g (r)dr o
) 2 4 ds
lim sup pa-t - /RT(T) = +400.
e [gtmydr | 57
p/2

2. There exist constants §(q) > 0 and o(q,d) > 0 such that for all s € (0,0) the
following holds: f(s) > osq.
Then any solution of equation (1) that satisfy condition 0 < u < a, is the identity
constant.
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For any natural number n and for real constants A, B satisfying —1 < A< B <1,
let P,(A, B) [1] denote the class of regular in the unit disc |z| < 1 functions p(z),
p(0) = 1 defines by

14+ Az lw(z
p(z) = — ( ),
1+ Bz 1w(z)

where w(z) is regular in the unit disc |z| < 1 and w(0) =0, |w(z)| < 1.

We consider the subclass of P,(A, B):
Py(n, A, B) = {p(2) : p(z) € P,(A,B), p"(0) =n!(B— A, 0<b< 1}
Let Uy(n, A, B) denote the class of regular in the unit disc |z| < 1 function f(z)
such as f'(2) € Py(n, A, B).

In this paper we obtain the lower sharp estimated curvature
2f"(2)
K Re (1+ 1) )
21" ()|
of the image of circle |z| = r > 0 under the mapping f(re'?), where f(z) € Uy(n, A, B).

I 17
2 =Trer,
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There are many results that determine value regions of initial coefficients for
classes of univalent functions. In particular for the set of univalent functions in the
unit disc see [1].

Let H be the upper half-plane. Denote H the set of all univalent, i.e. holomorphic
and 1nJect1ve mappings f : H — H with hydrodynamic normalization at infinity, i.e.
f(z) = z—<+a(z), where ¢ > 0 and « satisfies Zlim; o 2 - a(2) = 0. For the class
H and its subclasses, the estimates of the coefficients are given in [2, pp.242-252],
see also [3]. We consider functions of class H mapping H onto domains having a
bounded complement to the upper half-plane. The class of such functions is denoted
by Hj and is characterized by the Laurent expansion near infinity

f(z) ==z z+22+ (1)
Denote Hf = {f: f € H, and f(—%)= —f(z) Vz & H}. The set H} consists
of all f € Hy, such that the image f(H) is symmetric with respect to the imaginary
axis and implies that all even coefficients in the expansion (1) are equal to zero. Fix
c =T >0 and define K} (T) = {(c3(T); e5(T)) : f € H;,} where ¢, c3 and c5 are
coefficients from expansion (1).
Theorem 1. Fix T > 0. Let v = ¢3(T'), y = ¢5(T). Define the three curves v,
Y2 and 3 by

T 2
={-T*<a<——F y=T - (-1 = 22)"7},

The closure K;(T) of K;(T) is the set in the third coordinate quarter bounded
by 1, 72 and 3 and Ki(T) = {(—5: —)} UK (T) \ .
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